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Course Information 


Lectures: This course consists of 36 one hour lectures (three per week) and 11 practice 
classes (one per week). The lectures are at 

• 2:15pm - 3:15pm on Tuesdays, in MSLE Lower Theatre 

• 2:15pm - 3:15pm on Thursdays, in the Russell Love Theatre, Richard Berry, and 

• 11am - 12pm on Fridays, in the Russell Love Theatre, Richard Berry. 

Dr. Norman Do will teach the first week of classes. Practice classes start on the Monday of 
Week 2. They are at 4:15pm - 5:15pm on Mondays, in the Russell Love Theatre, Richard 
Berry. There is a non-teaching period from Monday 17 September to Sunday 30 September. 

Assessment: Assessment will be based on a 3-hour end-of-semester written examination 
[X marks out of 80] and three written assignments during semester [A marks out of 20]. 
The final mark M out of 100 will be M = X + A. 

Problem Sheets: There are six problem sheets for this course. These relate to the basic 
skills to be acquired from the course. It is important to do most of the problems on these 
problem sheets. The problems marked with an asterisk are more difficult or theoretical. 

Subject Web Page: A web page will be maintained for this subject on the LMS: 

http://www.lms.unimelb.edu.au 

Lecture notes and supplementary materials will be available from this site. 
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Prerequisites and Textbooks 


Prerequisites: 

One of 

• Real Analysis with Applications 

• Accelerated Mathematics 2 (620-158 Mathematics 2 prior to 2009) 
and 

• any other second year level subject from the Department of Mathematics and Statistics. 
Recommended Reference: 

• J. E. Marsden and M. J. Hoffman, Basic Complex Analysis Freeman (Third Edition) 1998. 
Useful References: 

Almost any book with Complex Analysis/Variables/Functions in the title including: 

• A. David Wunsch, Complex Variables with Applications, Second Edition (Addison-Wesley). 

• E. B. Saff and A. D. Snider, Fundamentals of Complex Analysis for Mathematics, Science 
and Engineering (Prentice Hall). 

• Stephen D. Fisher, Complex Variables, Second Edition (Wadsworth and Brooks/Cole). 

• Murray R. Spiegel, Theory and Problems of Complex Variables, Schaum’s Outline Series 
(McGraw-Hill). 
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Subject Overview and Objectives 


• Complex analysis is a core subject in pure and applied mathematics, as well as the physical 
and engineering sciences. While it is true that physical phenomena are given in terms of 
real numbers and real variables, it is often too difficult and sometimes not possible, to solve 
the algebraic and differential equations used to model these phenomena without introducing 
complex numbers and complex variables and applying the powerful techniques of complex 
analysis. 

• Topics include: the topology of the complex plane; convergence of complex sequences and 
series; analytic functions, the Cauchy-Riemann equations, harmonic functions and applica¬ 
tions; contour integrals and the Cauchy Integral Theorem; singularities, Laurent series, the 
Residue Theorem, evaluation of integrals using contour integration, conformal mapping; and 
aspects of the gamma function. 

• At the completion of this subject, students should understand the concepts of analytic 
function and contour integral and should be able to: 

• apply the Cauchy-Riemann equations 

• use the complex exponential and logarithm 

• apply Cauchy’s theorems concerning contour integrals 

• apply the residue theorem in a variety of contexts 

• understand theoretical implications of Cauchy’s theorems such as the maximum modulus 
principle, Liouvilles Theorem and the fundamental theorem of algebra. 
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Generic Skills 


In addition to learning specific skills that will assist students in their future careers in science, 
they will have the opportunity to develop generic skills that will assist them in any future 
career path. These include: 

• problem-solving skills: the ability to engage with unfamiliar problems and identify relevant 
solution strategies 

• analytical skills: the ability to construct and express logical arguments and to work in 
abstract or general terms to increase the clarity and efficiency of analysis 

• collaborative skills: the ability to work in a team 

• time-management skills: the ability to meet regular deadlines while balancing competing 
commitments. 
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MAST30021: Lecture Outline 


Week 1. Complex Numbers and Complex Plane 

1. Complex numbers, polar form, principal argument 

2. Complex plane, topology of planar sets, including open and closed sets 

3. Functions of a complex variable, limits, point at infinity 

Week 2. Complex Derivatives and Analytic Functions 

4. Complex derivative, Cauchy-Riemann equations 

5. Analytic functions, entire functions 

6. Harmonic functions, singularities 

Week 3. Complex Transcendental Functions 

7. Complex exponential, complex logarithm 

8. Branches, complex powers 

9. Trigonometric/hyperbolic functions, inverse trigonometric functions 

Week 4. Complex Sequences and Series 

10. Complex sequences, Cauchy convergence 

11. Power series, radius of convergence and its calculation 

12. Statement of Taylor’s theorem, term-by-term integration and differentiation 
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Week 5. Line and Contour Integrals 

13. Line and contour integrals, paths and curves, path dependence 

14. Cauchy-Goursat theorem and applications 

15. Fundamental theorem of calculus, path independence 

Week 6. Cauchy's Integral Formula 

16. Deformation of contours about simple poles 

17. General Cauchy integral formula 

18. Trigonometric integrals 

Week 7. Singularities and Laurent Series 

19. Isolated zeros and poles, removable and essential singularities 

20. Laurent series, definition of residues 

21. Analytic continuation 

Week 8. Meromorphic Functions and Residues 

22. Meromorphic functions, residue theorem 

23. Calculation of residues 

24. Evaluation of integrals involving rational functions 
Week 9. Residue Calculus 

25. Evaluation of integrals involving trigonometric functions 

26. Evaluation of integrals using indented contours 

27. Summation of series using the residue calculus 
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Week 10. Applications of the Cauchy Integral theorems 

28. Mean value theorem, maximum modulus principle, applications to harmonic functions 

29. Liouville’s theorem, the fundamental theorem of algebra 

30. The identity theorem and analytic continuation 

Week 11. Conformal Transformations 

31. Analytic functions as conformal mappings 

32. Mobius transformations and basic properties 

33. Conformal transformations from Mobius transformations 

Week 12 Gamma and Zeta Functions 

34. The Gamma function 

35. General discussion of the Zeta function 

36. Revision 
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Week 1: Complex Numbers 


1. Complex numbers, polar form, principal argument 

2. Complex plane, topology of planar sets, including open and closed sets 

3. Functions of a complex variable, limits, point at infinity 


Abraham de Moivre (1667-1754) 



Leonhard Euler (1707-1783) 



Photographs © MacTutor Mathematics Archive (http://www-history.mcs.st-andrews.ac.uk) 
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Complex Numbers 


• Some simple equations do not admit solutions in the field of real numbers: 

z 2 =-l, zef 

If z € K, then z 2 > 0 and hence z 2 —1. 

Definition: The imaginary unit i is a number such that 

i — ~\~y /— 1, i' ^ — —1, i rjz M 

A complex number z is a number of the form 

z = x + iy, x, y G M 

The rea/ and imaginary parts of z are 

Re z = x e M, Im z = y e K 

• Two complex numbers are equal if and only if they have the same real and imaginary parts: 

z\ — z <2 <=> Re z\ — Re 2:2 and Im z\ — Im z 2 

xi + iyi =%2 + iy 2 o xi —X 2 and y\ — y 2 
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Field of Complex Numbers 


Definition: The set of all complex numbers is denoted 


C := {x iy : x, y € R} 


• This is the set of numbers obtained by appending i to the real numbers. A number of the 
form iy is called pure imaginary. 

• The field of complex numbers is the set C equipped with the arithmetic operations of 
addition, subtraction, multiplication and division defined by 

Oi + iyi) + O 2 + iyi) (*1 + x 2 ) + i(yi + 2 / 2 ), * 1 , * 2 , 2 / 1 , 2/2 e R 

(xi + iyi) - (x 2 + iy 2 ) '■= (*1 - * 2 ) ++ 2/1 - 2 / 2 ), * 1 , * 2 , 2 / 1 , 2/2 G R 

(xi+iyi)(x 2 + iy 2 ) (*i* 2 - 2/12/2) ++*12/2 + 2/1*2), *1, *2,2/1,2/2 G R 

*1 + iyi . x 1 + iyi x 2 - iy 2 (* 1 x 2 + 2 / 12 / 2 ) , . (2/1*2 ~ *12/2) 2 , 2 , n 

- 37 —-=- 3 —-— = - 9,2 -- 2 1 2 -* *2 + 2 / 2 +° 

x 2 + W2 x 2 + W2 x 2 ~ l V2 x 2 + 2/2 *2 + V2 

Definition: The conjugate z of z = x + iy is 

z '.= x — iy 
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Laws of Complex Arithmetic 


Laws of Complex Algebra: z\,z 2 ,23 £ C 

0. Closure: 

z\ + z 2 £ C, z\ z 2 £ C 

1. Additive and multiplicative identity: 


2 . Commutative laws: 


3. Associative laws: 


z + 0 = z, 1 z = z, for all zgC 


zi + ^2 = ^2 + Z1, zi z 2 = 2:2 zi 


(z 1 + z 2 ) + £3 = Z1 + (Z2 + z 3 ) = Z1 + ^2 + ^3 
(z 1 z 2) z 3 = z l( z 2 z 3 ) = *1 ^2 z 3 


4. Distributive laws: 


24 O 2 + z 3 ) = Z 1 Z 2 + Zl z 3 


5. Inverses: 


zi + 2:2 = 0 

6 . Zero factors: 


z 2 = -z 1 , Zl z 2 = 1 



1 

Zl 


z \ 7 ~ 0 


z\ z 2 — 0 z\ — 0 or z 2 — 0 


1-3 



Algebraic Construction of Complex Numbers 


• The complex numbers C can be constructed formally from the set of real numbers R: 

Definition: A complex number is defined algebraically as the ordered pair [x,y\ of real num¬ 
bers sc, y G R. The complex operations on C := {[x,y] : x,y e R} are defined by 

1 Equality. [ [x,y\ = [x 7 , y 7 ] o x — x' and y — y r 

2 Addition. [sc, y\ + [x 7 , y'] '.= [x + a/, y + i/ 7 ] 

3 Multiplication. [x, i/][x 7 , ?/] [ xx ' ~ yy\ x y r ~\~ x 'y] 


Exercise: Show that the operations of addition and multiplication are commutative, 
associative and distributive. 

• Numbers of the form [sc, 0] behave like real numbers so we identify x = [x,0]: 

1 Addition. [sc, 0] + [a/, 0] := [sc + sc 7 , 0] 

2 Multiplication. [sc, 0] [cc 7 , 0] := [xx 7 ,0] 


We prove that 


has a solution in C. Identifying i = [0,1], we verify 



i 2 = (i)(i) = [o, 1][0,1] := [(0)(0) - (1)(1), (OKI) + ( 1 )(0)] = [-1,0] = -1 


• It follows that every complex number can be written in the form [x,y\ =x + iy since 

[x, y] = [x, 0 ] + [ 0 , y] = [x, 0 ] + [ 0 , 1 ] [y, 0 ] = x + iy 
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Solving Equations 


Example: Solve 


Example: Solve 


z 2 = -l 

z 2 — -1 => z — ±i since (±i) 2 — i 2 — — 1 ■ 

z 2 + 2^ + 2 = 0 

9 —2 zb \J —4 

z 2 + 2z + 2 = 0 => z =--- = -l±i 

2 


Check: LHS 


Example: Solve z 2 = z 


Equating real and imaginary parts 


= z 2 + 2z + 2 

= (-l±i)(—l±i) + 2(-l±z) + 2 
= (1 - 1 ) + (-2 ± 2 i ) +2 = 0 

= RHS ■ 


r \ 

(x + zi/) — x — iy 

o 9 

x — y -\- 2ixy — x — iy 


9 9 

x — y — x and 2 xi/ = —y 
x = — 5 and y 2 — | 
or y — 0 and x = 0,1 

Hence there are four solutions: 





1 , . V3 

-zb l - 

2 2 
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Complex Plane 


• A complex number z = x + iy e C can be represented as a point (x, y) in the plane M 2 . 
Such diagrams using cartesian or polar coordinates are called Argand diagrams : 

• The complex number 2 can be viewed as a vector in M 2 . 

Addition of complex numbers satisfies the parallellogram rule. 
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Polar Form 


• The use of polar coordinates ( r,9 ) in R 2 : (x,y) = (rcos#,rsin$) 


gives the polar form 


z = x + iy — r( COS 0 + i sin 0) 


Definition: The absolute value or modulus of z = x + iy is 



By Pythagoras, this is the distance of the point 2 or (x,y) from the origin 0 


Definition: The argument of z 7 ^ 0 is 


arg z — 0, where cos 0 — 


x 


z 


sin 6 — 


y 


z 


The argument 0 is multi-valued 


arg z — 9 — Oq 2krc , k e Z, —7 r < Oq < 7r 

The principal argument 

Arg z — Oq — {principal value}, — rc < Oq < re 

is single-valued but discontinuous across the branch cut along (— 00 , 0 ]. 

• Sometimes it is convenient to choose another principal branch such as 0 < ^0 < 27t. 
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Conjugate, Modulus and Argument 


The conjugate, modulus and argument satisfy the following propertries: 


1. z — x — iy\ 


z — z\ z z — 2 Re z; z — z — 2i Im 2 


2. z\ + z 2 = z\ + z 2 1 zi z 2 = Z 1 z 2 1 


Z 1 \ Z 1 


■ z 2 


_ 1 

Z2 




3. 


Rez< Re 2 < 


2 


— Z 


2 = zz] 


Im 2 < Im 2 < 


z\z^ = Zl z 2 


z 


Zl 

z 2 


Z 1 


z 2 


z 2 7 ^ 0 


4. z\Z 2 — z \ z 2 cos( 6 >i -|- O 2 ) H” isin($i -|- O 2 ) 


5. \f z ^ 0, zi 7 ^ 0,^2 7 ^ 0 then arg z\Z 2 — arg z\ + arg 2 2 , arg z — ~ arg z 

Arg z\Z 2 — Arg z\ + Arg Z 2 + 2/c7r, k — 0, d=l 


6 . z\ — Z 2 <<=> \ z i\ — \ z 2 \ and Arg z\ — Arg z 2 , z \ 7 ^ 0, z 2 7 ^ 0 


7. Unlike real numbers, the complex numbers are not ordered. So inequalities, such as z\ > z 2 
or z\ > z 2 , only make sense if zi,z 2 e M. 
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Triangle Inequality 


• Triangle Inequality: 

Proof: 


Z 1 + z 2 



zi + z 2 

< 

Z 1 

+ 

z 2 



2 _ 


< 


01 + z 2) ( Z 1 + z 2) — ( zi + z 2 )(zi + z 2 ) 
z l z l + ( z l z 2 + z 2 z l) + -22^2 
Z 1 1 + (^ 1^2 + ^ 1 ^ 2 ) + 1^2 
zi| 2 + 2 Re(^!2 2 ) + |^2 2 

zi | 2 + 2 N1T2I + I^2 1 2 
z l| 2 + 2 |zi||z 2 l + \ z 2 \ 

\zi\ 2 + 2 |zi||z2l + N 2 2 

(Nil + N2l) 2 


Now take positive square root. 


Triangle Inequality Variant: 
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Complex Number: Examples 


Example: Simplify (2 + 0(1 + 3i) - 2 + 4* 

(2 + i)(l + 3z) - 2 + 4i = (2 + 0(1 -30-2 + 4* 
= (2 — 3* 2 + * — 60 —2 +4* = (2 + 3 — 50 — 2 + 4* 
= 5 - 5* - 2 + 4* = 3 - * ■ 


Example: Simplify 


*(3 - 20 

1 + i 


*( 3-20 _ 2 + 3 * 1 - * 

1 + * 1 + * 1 — * 




Example: Simplify 


(3-40(2-0 

1 + 3* 


Since 




7 


(3-40(2-0 


3 — 4*| |2 — * 

_ +9 + 16a/4+T _ \/25\/5 _ 

25 

1 “I - 3i 


1 “I - 3i 

\/l H - 9 V10 V 

2 


Example: Put z = 2 — 2i in polar form and find Arg z 


z — \z\ (cos 0 + is\n 6), 


X 


cos 6 = = 


z 


2V2 y/2* 


— ^4 + 4 

sin 6 = -^J= 

z 


V8 = 2V2 

-2 1 


2-\/2 +2 


Hence 6 — —n/4 + 2/c7r, fceZ (fourth quadrant) and Arg 2 = — f e (— 7r, 7r] so 


z = 2V2e~ ni / 4 

















































Complex Exponential 


Definition: The complex exponential is defined as 


e z e xJriy — e x e iy — e x (CQSy + isin y) 


In particular, this yields Euler’s equation 


e iy — COS y -\- ism y, y eR 


The exponential polar form is thus 




z 


AO 


0 = arg z 


• Special Unimodular Values: 



1 , 0 e M 





k even 
k odd 


• Exponent Laws: 


e zi+z 2 — e z l e Z2^ 


( e z ) n = e nz , nGZ 
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De Moivre and Complex Trigonometry 


De Moivre’s Formula: 


(cosO + i Sin 0) n — (e l6 ) n — e in0 — COS nO + is\r\nO, 0 G M, nGZ 


Trigonometric Functions: 9 e M 


cos 6 — Re e l6 — 


e i0 _| - e iO 


_ t t-r-i JO _e i() -e id 


sin 6 — Im e = 


2 i 


Complex Hyperbolic/Trigonometric Functions: z e C 


cos 2 : = 


+ e~ lz 


cosh z : = 


e z + e 


cos £ = cosh iz 


sin 2 : = 


e lZ _ e — iz 


2 i 


sinh 2 : = 


e z — e z 


sin z = —zsinh iz 


Exercise: Prove the fundamental trigonometric identity 
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Binomial Theorem 


Theorem 1 (Binomial Theorem) For zi,z 2 E C and n e N 



Factorials and binomial coefficients are 


n\ n(n 0! : = 1; 




0 < k < n 

otherwise 


Example: Find (1 + i) 6 , (a) by using the binomial theorem and (b) by using exponential 
polar form: 


(l+z ) 6 


( 72 e m / 4 ) 6 


1 + 6 i+ 15 i 2 + 20 i 3 + 15i 4 + 6 i 5 + i 6 
1 + 6i - 15 - 20i + 15 + 6i - 1 = -8 i 

8e 3ni/2 _ _ Qi a 
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Proof of Binomial Theorem 


Proof: By induction. True for n = 0,1 so assume true for n and show true for n + 1 


(zi-\-z 2 ) n+1 = (zi + z 2 )(zi + z 2 ) 


n 


n 


— Oi + z 2 ) J 2 


n N ri—k-k 

Z\ z 2 


k =0 


k 


n 


= E 

k =0 
n+1 

= E 

k =0 
n+1 r 

= E 


n x n+1 — k Jz 

k 


n 


n 

k 


n-\-l—kk 


4 + E 

k =0 
n+1 


n 

k 


n—kk -\-1 


Zi £ 


4 + E 


n 


fc=l 


7c — 1 


n+1 —k k 
Z 1 z 2 


k =0 


n 


LV/c 


+ 


n 


7c — 1 




n+1 —kk 
z 2 


n+1 / i i\ 

_ ( n n-\-l-k k 

“ E * r 1 2 


In the last step we have used the binomial identity 

n+1 

k 


n\ f n 
k) + \k - 1 
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Trigonometric Identity I 


Exercise: Sum the geometric series 


n i _ ~7i+l 

Y Z k = 1 +H-h Z n = 

k =0 


1- z ’ 


n G N, zGC, z 7 ^ 1 


Example: Use the geometric series to sum the trigonometric series 


n 


Y cos A zO — 
k =0 


cos 2 ^ sin ( - n +- )6> 

sin £ 


0 < e < 2?r 


Use geometric series with 2 = e ld and O<0<27 tso2t^1 

2 g(n+i )*# 


^ cos k6 = Re ( 


| = Re 


k =0 


= Re 


k=0 


(n+l;)iO _ e -iQ/2 

P i0 /2 _ p—iQ/2 


1 — 


Re 


^( e O++0 _ e-«»/2) 


sin(n + i)0 + sin ^ 


■ 0 
sin ^ 


■ 6 

sin ^ 


cos 1 ^ sin 
sin ^ 
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Trigonometric Identity II 


Example: Prove the trigonometric identity 


sin zi + sin Z2 = 2 cos^(zi — z^) sin \{z\ + 22), 21,22 £ C 

PHS = — e - i (zi-z 2 )/2^ ^ e i(z 1 +z 2 )/2 _ e ~i(z 1 +z 2 )/2^ 


= — (e lz i - e~ lZl + e tz * - e- lZ2 ) = LHS 
2 i V ' 


In this way all trigonometric identities in 2 are reduced to algebraic identities in e ±lz , 


The previous identity follows by choosing 

z\ = O + 4)0> 


<9 


^2 = 
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Roots of Unity 


Roots of Unity: Solve z n — 1: Write z n and 1 in exponential polar form and equate 
modulus and argument 


z n = (\z\e ie ) n = \z\ n e nw , 1 = e^ Kn \ k£Z 


\njniQ -i _ 2kiri 


z 


z 


71 = 1 and arg (z n ) — n arg z — nO — 2kn 

2/c7T 


= 1 and Arg z — 6 — 


n 


k = 0, 1,..., n — 1 


Z = e 2kKi f n = U) k , k = 0,1,..., n- 1 


where we have chosen the branch 0 < Arg 2 < 27r and 



= {primitive nth root of unity} 


Example: Solve w n — z, that is, find w — z x ! n \ Write w,z in exponential form and equate 
modulus and argument 


w n = 


w 

w 

w 


n e m< ^, z — \z\e l0Jr2klTl , k g Z; arg w = </>, argz 
? and ncf) — 9 2/c7t 

x / n and 4> = (0 + 2kir)/n 


= 6 


w — z l/n _ ^ l/n e i(6+2kjc)/n _ z 1/n^O/n 


k = 0, 1,..., n — 1 
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Example: Roots of Unity 


Example: Find the cube roots of \/2-Hv 7 ^ in the cartesian form x-\-iy. 

( V 2 + = ( 2 e 7r */ 4 + 2/£7r *) 1 /3 = 2 l/3 e 7ri/12+2fc7r*/3 j fc = 0 , 1, 2 

_ q 1/3 7ri/12 q 1/3 97ri/12 9 l/3 p 177ri/12 


= 2 1 / 3 (cos— + zsin —), 2 1 / 3 (cos— + zsin —), 

12 12 4 4 

^1 /o . 177T , . . 177 T n 

2 1/3 (cos- \-is\n -) ■ 


12 


12 
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Fractional Powers 


Exercise: Show that the sets of numbers (z 1 / 71 ) 171 and (^ m ) 1 / n are the same. We denote this 
common set by z m l n . 


Fractional Powers: 

by 


The fractional power of the complex number 2 = 


£ 


i<9 


is given 



z 


m/n mi(9 +2/c7r )/n 
& ? 



Example: Find i 2 / 3 in the cartesian form x + iy: 


i 2 ! 3 = 


( e 7ri/2+2k7ri^2/3 _ e 7ri/3+4/c7ri/3 k = 0 1 2 

e 7 ™/ 3 , e 5?r7 / 3 , e 3?ri = e 7 ™/ 3 , e -7 ™/ 3 , —1 

-1, -±i— = (i 2 ) 1/3 = (-1) 1/3 ■ 
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Argand Diagrams 


Example: Indicate graphically, on a single Argand diagram, the sets of values of z determined 
by the following relations: 


(a) Point 
(c) Circle 
(e) Ellipse 
(g) Strip 



z + i\ + \z + 2i 



3 < Re z < 5 


(b) Line \z + l + i\ = \z — l — i 
(d) Disk \z — 1 — i\ < 1 
(f) Annulus 1 < \z + 3| < 2 

/ A m — 
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Open and Closed Planar Sets 


Open Disks: The set of points 



inside the circle of radius r about z = zq is called an open disk or neighbourhood of zq. The 
set z < 1 is the open unit disk. 


• Open Sets: A point zq in a set S c C is an interior point of S if there is some open disk 
about zq which is completely contained in S. If every point of S is an interior point of S we 
say S is open. The empty set 0 and C are open sets. 


• Closed Disks: The set of points 


Closed Disk: 


Z - ZQ 


< r 


is the closed disk of radius r about z = zq. 


• Closed Sets: A point zo is said to be a boundary point of S c C if every open disk about zo 
contains at least one point in S and at least one point not in S. Note that a boundary point 
zq may or may not be in S. The set OS of all boundary points of S is called the boundary of 
S. A set which contains all of its boundary points is called closed. A set S is closed if and 
only if its complement C\S is open. A point which is not an interior point or boundary point 
of S is an exterior point. The empty set 0 and C are both open and closed sets. 
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Bounded and Connected Planar Sets 


£ 


Bounded Sets: A set S' c C is called bounded if there exists a real number R such that 
< R for every z e S. A set S c C which is both closed and bounded is called compact. 


• Connectedness: An open set S c C is said to be connected if every pair of points in S can 
be joined by a path (of finite or infinite length) that lies entirely in S. An open set S c C 
is said to be polygonally-connected if every pair of points in S can be joined by a polygonal 
path (finite number of straight line segments) that lies entirely in S. A region is an open 
polygonally-connected set S together with all, some or none of its boundary points. We 
assume polygonal-connectedness to avoid infinite length paths and fractal-like open sets. 
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Examples of Planar Sets 


• Open and Closed Disks: 

Disk (d) |z — 1 — i\ < 1 is an open disk. The Disk (i) \z — 1 — i\ < 1 is a closed disk. Disk (d) 
is the interior of Disk (i). The exterior of Disk (d) \z — 1 — i\ > 1 is closed. 


• Regions: 

The Disk (d), Annulus (f) and Strip (g) are regions. So is the open Elliptical Disk (j) 

z — i\ + \z — 2i\ < 2. 


• Boundaries: 

The boundary of Disk (d) is the Circle (c). The boundary of Annulus (f) is the union of the 
circles \z + 3| = 1 and \z + 3| = 2. The boundary of the Strip (g) is the union of the lines 
Re z = 3 and Re z = 5. 


• Open and Closed Sets: 

The planar sets (d) and the Elliptical Disk (j) \z — i\ + \z — 2i\ < 2 are open. The sets (a), 
(b), (c), (e), (f), (g) are closed. The Ray (h) and the strip 3 < Re z < 5 are neither open 
nor closed. Note the Ray (h) does not contain the boundary point at the origin since Argz 
is not defined there. 


• Bounded and Compact Sets: 

The sets (a), (c), (d), (e), (f) are bounded. The sets (b), (g), (h) are unbounded. The sets 
(a), (c), (e), (f) are compact. 


• Connected Open Sets 

The Disk (d), the open Elliptical Disk (j) |z — i\ + |z — 2i\ <2 and the interiors of the Annulus 
(f) and Strip (g) are connected. The disjoint union of the open sets (d) and (j) is not 
connected. Likewise the set C\{|z| = 1} is not connected. The Annulus (f) is connected but 
not simply connected because loops around the hole cannot be continuously shrunk to zero. 
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Week 2: Derivatives and Analytic Functions 


4. Complex derivative, Cauchy-Riemann equations 

5. Analytic functions, entire functions 

6. Harmonic functions, singularities 


Augustin Louis Cauchy (1789-1857) Georg Friedrich Bernhard Riemann (1826-1866) 
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Functions of a Complex Variable 


Definition: A function of a complex variable z is an assignment or rule 

f : D —> R, f : z = x + iy w — f(z ) = u(x, y) + iv(x, y ) 

which assigns to each z in the domain D c C a unique image w = f(z ) in the range R c C so 
that f(z) is single-valued. 

• It is not possible to represent a complex function f(z ) by a graph. The complex function 
f(z ) is however determined by the pair of real functions u(x,y ), v(x,y) of two real variables 
x and y. D and are usually regions in C: 
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Example Functions of a Complex Variable 


Example: Functions of the complex variable z\ 

1. f(z ) = z 2 + 1 = (x + iy) 2 + 1 = (x 2 - y 2 + 1) + i(2 xy) 

2. f(z ) = cosh 2 = cosh (a: + iy) = cosh xCOSy + isinhxsiny 

3. f(z ) = zz = (x + iy)(x — iy) = x 2 + y 2 

4. /(z) = (Re z) 2 + i = x 2 + i 

5 . f ( z ) = 2 1 / 2 = ±| 2 | 1 / 2 e l0 °/ 2 with #o = Arg 2 is multi-valued unless it is restricted to the 
branch f+(z) — +| 2 | 1 / 2 e l0 o/ 2 . It has a branch cut along (— 00, 0] and a branch point at z — 0. 
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Limits of Complex Functions 


Definition: Suppose f(z) is defined in an open disk about z — zq with the possible exception 
of the point zq itself. We say that the limit of f(z) as z approaches zq is wq and write 



if for any e > 0 there exists a positive number £(e) such that 


1 f(z) - WQ 

< e whenever 0 < 

0 

1 

< S(e) 


• Unlike a function of a real variable, 2 can approach zq along many different paths in the 
complex plane. If the limit exists, it is independent of the way in which 2 approaches zq. 


Example: 


Show from the limit definition that lim z 2 = —1 

z^i 


^ - (-DI = 

< 


+ 1| = | (z — i)(z + i)\ = \z — i\\(z — i) + 2i 


whenever 


z - i\(\z - i\ +2) <-(1 + 2) 

vj 

z — i\ < 5(e) = Min(1,4) 


z 

Example: Show that lim - does not exist: 

z^O z 

For the limit to exist, it must be independent of the path along which z = x + iy approaches 
zq = 0. We show that the limits z —> 0 along the x- and y- axes are different 

lim ^ = lim — = 1 + lim = = lim = —1, so the limit does not exist ■ 

z->0 z x-+0 x z y^O (— iy ) 

y=0 x=0 
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Limit Theorems 


Theorem 2 (Limit Theorems) If a,b e C are constants (independent of z) and lim f(z), 

z * z 0 

lim g(z ) exist then 

z >z o 


1. Linear: 

2. Product: 

3. Quotient: 


l]m (af(z) + bg(z) \ — a lim f(z) + b lim g(z ) 

Jim o (/(z) 5 (,)) = ( /(*))( Jim, s(*) 


Jim f(z ) 

- • • , . = .. 0 . . ^ Jim sO) 7^ o 

gyz) lim g(z) z ^ z o 


lim 


f(z) 


z ^ z o 


Theorem 3 (Limits Using Real Variables) 

Let f(z ) = u(x , y) + zx(x, y), zq = xq + ^nc/ — txo + ^o- Show that 


if and only if 


lim f(z) = w 0 

z ^ z 0 


lim u(x,y) = t /0 and 

X ^ X Q 

y^vo 


Jim v(a:, y ) — v 0 

y^yo 


Proof: Exercise using | Re ti;| < |rr|, |Im w| < \w\ and the triangle inequality. Note, for these 
two variable limits to exist they must be independent of the path along which (x , y ) —> (xq, yo) 
in IR 2 . ■ 
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Limit Theorems: 


Example: 


Find the limit lim 


z 2 + 3 


iz 


lim 


z 2 + 3 


iz 


lim (z 2 + 3) 

Z^Z _ 

lim iz 

z^ 2 


Example: Find the limit lim 


z 2 + l 


z^i z 4 — 1 


lim 

z^i 


z 2 + l 


= lim (g2 + 1) 

""i (z 2 - l)(z 2 + 1) 


Examples 
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Extended Complex Plane 


• There are many directions or paths along which - can approach infinity as z —*• 0. We 
identify these “limits" with a single number and extend the complex plane by adding a point 
at infinity denoted by the symbol oo. This forms the Riemann sphere C = Cu {oc}. 


• The extended complex plane is closed and identified with the stereographic projection of 
a sphere ( Riemann sphere ) of radius r = ^ onto the horizontal plane C passing through the 
south pole (z = 0). A line drawn from the north pole of the sphere through the point z' 
on the sphere maps to the point z e C. The equator maps onto the unit circle \z\ = 1, the 
southern hemisphere maps onto \z\ < 1 and the northern hemisphere maps onto \z\ > 1. The 
south pole corresponds to the origin z = 0 and the north pole to the point z = oc at infinity. 


Stereographic Projection: 


lim — = oc 

z^O z 
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Limit ^ —»• oo 


Definition: We define 


Jini/O) := ]im Q /(- 




An open disk about the point at infinity is 


> M, for M > 0 


Example: 


iz — 


lim 


z 

r 


= lim 


z 


1 

z 


Example: 


Example: 


■0 4, 

Z A 


~ 1 


i - Z 

hm I- A 

z^O 1 - z 2 


lim (i 

z^O 


-z) 


lim (1 

z^O 


~z 2 ) 




lim 

Z—+OC 


z 2 + iz 

z 3 + 1 


lim 

Z—KX) 


z 2 + 1 


JL _l i 

lim -- = 

- 3+1 

lim (z + iz 2 ) 
z^O _ 

lim (1 + z 3 ) 

z^O 


■4+1 

lim -—=— 
z^O I 


.. z-\-iz 2 

lim - 5 - 

1 + z 3 


= ° = o 

l 


lim (—|- z) 

Z —^0 £ 


= OO 


since 


lim 


= lim 


0 


►o A + z 

z 


0 1 + z 2 1 + 0 


= 0 
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Continuity 


Definition: Suppose the function f(z) is defined in an open disk about z — zq and /(zq) is 
defined at 2 = zq. Then f(z ) is continuous at zq if 

J% /(z) = /(zo) = 0 z ) 

• To be continuous at zq, (i) the function f(z ) must be defined at z = zq, (ii) the limit 
lim f(z) must exist and (iii) the limit must equal the function value /( zq ). 

•Z >z 0 

• A function f(z ) is continuous in a region if it is continuous at all points in the region. 


Theorem 4 (Continuity Theorems) 

If a, b e C are constants and f(z) and g(z ) are continuous at z — zq so also are the functions 


1. Linear: 

2. Product: 

3. Quotient: 

4. Composite: 

Proof: Follows 


af(z ) + bg(z ) 

f(z)g(z) 
f ( z') 

—— provided #O 0 ) ^ 0 
9KZ) 

if f(w) is continuous at wq = g(zo) 
from the Limit Theorems. ■ 
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Continuity Examples 


Example: Show that f(z) — e z is continuous in C: 

f(z ) = = e x e iy = e x COS y + ie x si n y 

is continuous in C since 


u(x,y) = e x COS y, v(x,y) — e x sin y 

are continuous functions of two real variables in M 2 being products of the continuous functions 
e x , cos y and sin y. ■ 


Example: Show that f(z ) = \z\ is continuous in C: 


lim f(z ) = lim 

Z^ZQ Z^Z 0 


z 


= J-lTo v * 2 + y 2 = 

y^vo 


Jim o (x 2 + y 2 )) 


1/2 


y->y o 


— yxQ + yo — \z 0 \ — f(z 0 ) 

for any zq e C since the function of one real variable g(r ) — -Jr is continuous for r > 0 where 
here r — x 2 + y 2 . ■ 
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Complex Derivative and Analyticity 


Definition: Suppose the function f(z ) is defined in an open disk about z = zq and f(z q) is 
defined at z = zq. Then /(z ) is differentiable at zq if the limit 



Z'Oo) 


lim 

Az^O 


f(zQ + Az) 

A z 


/O o) 


defining the derivative exists. 


• The function /(z) is analytic (regular or holomorphic) in an open simply-connected region 
R if it has a derivative at every point of R. More precisely, the function is analytic in any open 
region R that does not encircle a branch point. The function /(z) is entire if it is analytic 
everywhere in C. 


• The concept of an analytic function on an open region is very powerful, much more 
powerful than the concept of an analytic real function on an open interval. For example, we 
will show later, that if a function /(z) is analytic then its derivatives f^ n \z) of all orders exist 
and are also analytic. This is not the case for real functions: 


f(x) = sgn(x) x 2 , f(x) = 2 


X 


X 


G (-e, e) but /"(x) does not exist at x — 0 


• Note that the real function 


/ O) 


j e l/ x , x > 0 

|0, x < 0 


is C°° (has derivatives of all orders) but is not analytic since f( n \ 0) = 0 for all n and the 
Taylor expansion about x — 0 converges to zero and not to f(x). 
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Complex Derivatives from First Principles 


Example: Show by first principles that 
Solution: Using the binomial theorem 


d 

dz 


z n = nz n - 


So 


(z + A z) n - z n 

~Kz 


nz n 1 Az + zU 2 (Az) 2 + • • • + (A z) n 

A z 

nz 71 - 1 + Q) z n ~ 2 (Az) H-h (Az) n_1 


d n ( 2 ; + Az) n — z n 

— = lim ---- 

dz Az^O /Az 



1 


The function f(z) — z n is thus analytic in C. ■ 

Example: The function f(z ) = z is nowhere differentiable: 

lim / ( -0 + A -)~^(-o) _ lim S+Ml5 = lim 51 

A^O A z Az—^O A z Az^O A z 

but we saw this limit is path dependent and so does not exist. At first this result is surprising 
but it says that z — x — iy cannot be expressed as an analytic function of the indivisible unit 
z = x + iy. M 


Exercise: Show that the functions f(z) — Re z, f(z) = Im z and f(z) — 
but nowhere differentiable. 



are continuous 


• Examples of continuous but nowhere differentiable functions of a single real variable 
abound. These include fractals such as the Koch curve and the Katsuura function. 
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Koch Curve 

• Consider the curve defined iteratively starting with the real line segment [0,1] according 
to the replacement: 

- i—* 



• Iterating gives: 






• The limiting curve is a fractal called the Koch (snowflake) curve. This curve is continuous 
but nowhere differentiable (there are no tangents to the curve). It has an infinite length but 
the area under the curve is finite. Its fractal dimension is 

log 4 


^fractal — 


log 3 


1.26 


Johan Thim, Continuous Nowhere Differentiable Functions, Master's Thesis, Lulea (2003). 
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Katsuura Function 


• Consider the function defined iteratively starting with the function Kq(x) = x on [0,1] 
according to the replacements: 



• Iterating gives 


K 2 O) = 


K 4 (x) — 




• The Katsuura function K(x) — lim K n (x) is continuous but nowhere differentiable on [0,1] 

n —»oo 

H. Katsuura, American Mathematical Monthly 98 (1991) 411-416. 

Johan Thim, Continuous Nowhere Differentiable Functions, Master's Thesis, Lulea (2003). 
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Differentiable Implies Continuous 


Theorem 5 (Differentiable Implies Continuous) 

If f(z) is differentiable at z — zq it must be continuous at zq. 


Proof: Let h = A z ^ 0. Then 


f(z 0 + h) - f(z 0 ) = 


f( z 0 + h) - Kzq) 
h 


h 


So using the product limit theorem and the fact that the derivative /'( zq ) exists 


\\m [f(z 0 + h) - f(z 0 )] = lim 

ri—fO h—> 0 


f (z 0 + h) - f (z 0 ) 


h 


lim h 

h^O 


= f'(zo)-0 = 0 


This shows that 


lim/Oo + h) = f(zo ) or Jim f(z ) = f(z 0 ) 

h —>0 ^^^0 


that is, f(z) is continuous at z = zq. 


• The converse is not true. The function f(z ) = z = x — iy is continuous everywhere 
because the functions u(x,y) — x and v(x,y) — —y are continuous. But we saw that f(z ) = z 
is nowhere differentiable. 
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Differentiation Rules 


Theorem 6 (Differentiation Rules) If a, b are constants and f(z) and g(z) are differentiable 
in an open region R, then in this region 


1. Linear: 


2. Product: 


3. Quotient: 


4. Chain: 


af(z) + bg(z)^J — a f'(z) + bg'(z) 

f(z) g(z)^j = f(z) g(z) + f(z) g(z) 

g(z) f'(z) - f(z) g\z) 

= - ,f9W;t0 


d 

dz 

d 

dz 


d 


(fig(z))] — = f'(g(z 0 ))g'(zo) if f(w) is 

V / do dz 


dz\ J dg dz 

differentiable in an open region about w — g(zo ) 

— — with w — f(z ), z = 

dw V 7 f\z) J J K J 


5. Inverse: 
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Proof of Differentiation Rules 


Proof: We prove 2 and 5. Others are exercise (or see text). 


2. Derivative of a product: 

d 


(f(z)g(z)j — Jim 


f(z + A z)g(z + A z) - f(z)g(z ) 


= lim 

A 2-»0 


dz V / Az^O Az 

f(z + Az)[g(z + Az) - g(z)] + [/(z + Az) - f(z)]g(z) 


Az 


|. , A ^ 3(2 + Az) - g(z) , lirv , f(z + Az) - f(z) 

= lim /(z + Az)---I- Jim- t- 

A z Az^O Az 


= f(z)g'(z) + f'(z)g(z) 


(by limit theorems) 


because /(z) is differentiable and therefore continuous 


lim /(z + Az) = /(z) 
Az^O 


• 5. If w = f (z) is a bijection, then / 1 (w) exists, / 1 (/(z)) = z, 
/(/ -1 (™)) = to and / 1 (u0 is analytic near ^0 with derivative 











Continuity of Rational Functions 


Example: Show that rational functions of the form 

, v _ Pn(z) _ clq + a\z H-h anz n 

Qm(z) 6q + b\Z + • • • + bmZ m 

are continuous in C except at the zeros of the denominator: 


cij , bj e C 


Solution: This rational function is not defined at the zeros of Q m (z). Away from these points 
the polynomials are differentiable, e.g. 

d 


dz 


(ao + CLiz + CL 2 Z Z + • • • + a n z n ) = a\ + 2 a 2 ^ + • • • + na n z 


n—1 


The quotient is therefore differentiable for g{z ) = Q m {z) ^ 0 by the quotient rule: 

d (f(z)\ g(z) f'(z) - f(z) g'(z) 

tAw>> = -TP- lf 9<2) # 0 ■ 


Since differentiable implies continuous, it follows that R(z) is continuous at any point z where 
the denominator does not vanish. 
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L’Hopital’s Rule 


Theorem 7 (L’Hopital’s Rule) If f(z) and g(z ) are differentiable at z — zq and f(zo) — 0, 
q{zq) — 0 but g'(zo) 0 then 


Mm 44 
z ^ z ° g(z) 


o) 

g'(z o) 


Proof: Using the quotient limit theorem 


Z 


lim 


/(*) 


/Q)-/Oo) 

lim __ 

z—>zo gjzy^gjzo) 
z-zo 


|j m f(z)-.f(zg) 

Z^ZQ Z — ZQ 

lj m g(z)-g(zo) 
z^z o z ~ z 0 


f'(zo) u 

g'( z o) 


Theorem 8 (General I’Hopital’s Rule) 

If f(z) and g(z) are analytic at z — zq and f(z), g(z) and their first n-1 derivatives all vanish 
at z — zq but the nth derivative g^ n \zo) 7 ^ 0 then 

lim M. = /(n)(z ° ) = lim /(n)(z) 

z ^ z o g(z) g^ n \z 0 ) z ^ z o g( n )(z) 


Proof: Consequence of Taylor's theorem proved later. ■ 
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Examples of L’Hopital’s Rule 


z 10 + 1 

Example: Evaluate the limit lim —=- 

z 6 + 1 

Solution: Since f(z o) = g(z o) = 0 the limit is indeterminate so we use I’Hopital's rule with 
f'(z) = 10 z 9 and g\z) — 6 z 5 

.. z 10 + l 10z 9 10 i 9 10 i 5 

lim — E -= lim —=- = —— =-= — ■ 

z^i z® + 1 z^i 6z 5 6z 5 6 i 3 


— ]_ — z 

Example: Evaluate the limit lim-^- 

z^Q z 2 


Solution: Since /( 0) = g(0) = /'( 0) = g\0) = 0 and f"(z) = e z , g"(z) — 2^0 

e z - 1 -z e z - 1 e z e° 1 

lim-=- = lim- = lim — = — = i ■ 

z^0 z 2 z^0 2 z z^0 2 2 2 


• Here we have assumed that 



dz 

To prove this we need the Cauchy-Riemann theorem. 
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Cauchy-Riemann Equations 


• Differentiability of f(z) — u(x, y) + iv(x, y) implies strong constraints on u(x,y), v(x,y). 
If f(z) is differentiable the limit 



lim 

A^O 


f(z + Az) 

A z 


/(*) 


u(x + Ax, y + A y) + iv(x + Ax, y + Ay) — u(x,y) — iv(x,y) 


Ax^o Ax + iAy 

Ay->0 


must exist independent of the path. We conclude that the limit along the x- and y- axes must 
agree 



lim 

Acc^O 

Ay=0 


u(x + A x,y)-u{x,y) , . , v(x + A x,y) - v(x,y) 

- r i - 


Ax 


Ax 


= lim 

Ax=0 
Ay^O L 


u(x,y + Ay) - u(x, y) , v(x, y + Ay) - v(x, y) 


iAy 


+ 


Ay 


• Hence necessary conditions for f(z ) to be differentiable are given by the Cauchy-Riemann 
equations 




du 

—i - \- 

dy 


dv 

dy 


du 

dv 

dv 

du 

dx 

dy' 

dx 

dy 
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Cauchy-Riemann Theorem 


Theorem 9 (Cauchy-Riemann Theorem) 

Suppose f(z ) = u(x,y) + iv(x,y) is defined in an open region R containing zq. If u(x,y) 
and v(x, y) and their first partial derivatives exist and are continuous at zq (that is u(x,y) 
and v(x,y) are C 1 at ( xo,yo)) snd satisfy the Cauchy-Riemann equations at zq, then f(z) is 
differentiable at zq. Consequently, ifu(x,y) andv(x,y) areC 1 and satisfy the Cauchy-Riemann 
equations at all points of R then f(z) is analytic in R. 

Proof: See a textbook such as SafF and Snider. The proof uses the mean-value theorem. ■ 


• The Cauchy-Riemann equations can be understood informally using functions of two 
variables and the chain rule which is valid for C 1 functions: 


df = 

dx 

df Of 


dz 


dx 


Si 

II 

sr 

/c 

II 

df dz df 

df 

df dz 

dz dx dz ’ 

dy 

dz dy 

du . dv 

— \ i ? 

dx dx 

df 

, df 

dz 

dy 




■ df 


dz 


. du dv 

—i - 1 - 

dy dy 
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Cauchy-Riemann and Derivatives 


Example: Show that the function f(z) = e z = e x cosy + ie x sin y is entire with derivative 



Solution: The first partial derivatives are continuous and satisfy the Cauchy-Riemann equa¬ 
tions everywhere in C 


du dv 


X 


dv 


du 


= — = e COS y, 


,x 


= e sin i/ 


dx dy dx dy 

Hence by the Cauchy-Riemann theorem f(z ) = e z is entire and 

du d n 

/'(*) = — + i— = e x (C0Sy + i Sin y) = e ; 
dx dx 


Example: Discuss where the function f(z ) = (x 2 + y) + i(y 2 - x) is (a) differentiable and 
(b) analytic. 


Solution: Since ix(x, y) — x 2 + y and x(x, y) — y 2 — x , we have 


du 

— = 2x, 

dx 



dv 

dx 


du 

dy 


1 


These partial derivatives are continuous everywhere in C. They satisfy the Cauchy-Riemann 
equations on the line y — x but not in any open region. It follows by the Cauchy-Riemann 
theorem that f(z) is differentiable at each point on the line y — x but nowhere analytic. ■ 
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Harmonic Functions 


Definition: A real function of two variables 4>(x,y) is harmonic in an open connected domain 
D if it is C 2 (that is continuous with continuous first and second partial derivatives) in D and 
satisfies the Laplace equation 



< 9 2 </> < 9 2 </> 

dx 2 dy 2 


0 


• The Laplace equation occurs in many areas of two-dimensional physics including continuum 
and fluid mechanics, aerodynamics and the heat equation. We see that the solutions to these 
equations (harmonic functions) are naturally associated with analytic functions. 

Theorem 10 (Harmonic Functions) If f(z) = u(x,y ) + iv(x,y) is analytic in an open 
connected domain D, then u(x,y) and v(x,y) are harmonic in D. 


Proof: Since f(z) is analytic, u(x,y) and v(x,y) are C°° (possess continuous partial derivatives 
of all orders). We will prove this later. In particular, since they are C 2 , the mixed second 
derivatives are equal 


d du 


d du 


d dv 


d dv 


dy dx dx dy ’ dy dx dx dy 

Substituting for the first partial derivatives from the Cauchy-Riemann equations give 

d^v d^v d^u d^u _ 


dy‘ 


dx 2 ’ 


dy : 


dx 2 


2-23 

















Harmonic Conjugates 


Theorem 11 (Harmonic Conjugates) 

If u(x , y ) /'s harmonic in a simply-connected open domain D then there exists another harmonic 
function v(x,y) on D (called the harmonic conjugate of u) such that f(z ) = u(x,y) + iv(x,y ) 
is analytic in D. The conjugate is obtained by solving the Cauchy-Riemann equations. 


Example: Find an analytic function f(z) by finding the conjugate of the harmonic function 

u(x, y) = x 3 — 3xy 2 + y. 


Solution: First check that u(x,y) is harmonic in C 


V 2 w = 


d^u d 2 u 

+ —: — = OX — OX — 0 


dx 2 dy 2 

From the Cauchy-Riemann equations, the conjugate v(x,y) must satisfy 


Integrating gives 


dv 

dy 



dv du 

— =-= oxy — 1 

dx dy 


r\ o Q 

v(x, y) = 3x y - y + g(x) = 3x y - x + h(y) 

where the real functions g{x) and h(y ) are arbitrary. It follows that g(x) — 
h(y) — -y 3 + const, and 

O o 

v(x , i/) = 3 x y — y — x + c, c = const 
Hence the analytic function is 

f(z ) = (x 3 — 3xi/ 2 + i/) + i(3x^y — y^ — x + c) = z 3 — iz + ic ■ 


—x + const, 
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Singular Points 


Definition: A point at which f(z ) fails to be analytic is called a singular point of f(z). 

Types of singularities: 

1. Isolated Singularities: The point 2 = zq is an isolated singularity of f(z) if there is an open 
neighbourhood that encloses no other singular point. 

2. Poles: If there is a positive integer n such that 

ljm O - z 0 ) n f(z ) = p ^ 0 

•2 >z 0 

exists then z — zq \s a pole of order n. If n = 1, zq is a simple pole 

3. Branch Points: Multi-valued functions like f(z) — \og(z — zq) and f(z) — (z - zq ) 1 / - ' 1 have 
a branch point at z — zq. 

4. Removable Singularities: An apparent singular point zq of f(z) is removable if lim 2 ^ Zo f(z) 
exists. 

5. Essential Singularities: A singularity which is not a pole, branch point or removable 
singularity is an essential singularity. 

6. Singularities at Infinity: The type of singularity at infinity of f(z ) is the same as that of 
/(|) at z = 0. 
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Example Singular Points 


Examples: 

z 4 - 1 

1. The singularities at z = ±j of -are removable. 

z 2 + 1 

2. The function e 1 /^ -2 ) has an essential singularity at z = 2. 

% 

3. The function — s -—-- has a simple pole at z = i and 

(z 2 + l)(z + z) 

a pole of order 2 at z = —i. 

4. The function /(z) = z 3 has a pole of order 3 at z = oo. ■ 
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Week 3: Complex Transcendental Functions 


7. Complex exponential, complex logarithm 

8. Branches, complex powers 

9. Trigonometric/hyperbolic functions, inverse trigonometric functions 


Vincenzo Riccati (1707-1775) Georg Friedrich Bernhard Riemann (1826-1866) 
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Exponential Function 


Definition: The complex exponential is defined by 


exp: C —► C, exp (z) = := e x (cosy + z si n y) 


We have seen that this function is entire with derivative 



dz 


• Unlike the real exponential e x , the complex exponential function e z is not one-to-one 


c z — 1 z = 2/c7ri, e Zl — e Z2 z\ — z^ + 2/c7ri, k £ Z 


Consequently, the inverse function logz is multi-valued. 

• On the complex domain the exponential function is periodic 
e z +27r i _ e z, complex period = 2n% 

We can restrict the domain to one of the fundamental strips 

Sk : (2 k — 1 ) 7 r < Im z < (2 k + l)7r 

Then exp: Sq —► C\{0}, is one-to-one on the principal domain 
Sq and admits an inverse. 
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Logarithm Function 


Definition: For we define the logarithm as the inverse 

of the exponential function 

Z — e w O w — log z 

Since e w is not one-to-one, log z is multi-valued taking infinitely 
many values 

log z : = Log \z\ + i arg z = Log \z\ + i Arg z + 2kni , k eTL 

To obtain a single-valued function (bijection), we define the 
principal value of the logarithm 



Log : C\{0} — > So Log z : = Log 

Z 

+ i Arg z 

z = e Logz , z G C\{0} Log(e™) = 

w, w e s 0 


Exercise: Show that 

\-og{z\Z 2 ) — Log z\ + Log z 2 + 2k?ri, k — 0, ±1 
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Derivative of Logarithm 


Theorem 12 (Derivative of Log) 

The function Logz is analytic in the cut plane C\(—oo,0] with derivative 

— Log z = —, z e C\(—oo, 0] 

dz z 


Proof: Since Log 2 is the inverse of e w which is analytic in So, Log z is analytic in the cut 

plane C\(—oo, 0]. There is a jump discontinuity across the branch cut along the negative real 
axis: 














^branch 

point 

branch cut 

'o 













Applying the chain rule to Log(e^) = w gives the derivative 


d Log (e w ) = Log z-^—e w — z-^~ Log z — 1 


dw 


dz 


dw 


dz 


Hence 


d 1 

— Log z = 

iz z 


z^o m 
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Branches and Branch Cuts 


Definition: F(z) is a branch of a multi-valued function f(z ) in an open domain D if F(z) is 
single-valued and analytic in D and is such that, for each z e D, the value F{z) is one of the 
values of f(z ). A line used to create a domain of analyticity D is called a branch cut. The 
end points of branch cuts are called branch points. 

Example: Determine the domain of analyticity of Log(3 2 — i)\ 

Solution: This function is analytic by the chain rule except where 

Re(3 2 - i) — 3 Re z < 0 and Im(3z - i) = 3 Im z - 1 = 0 

corresponding to a branch cut with branch point at 2 = i/3 

1 

z = x + iy, x < 0, y — — 





D 





( 2/v 

J 
















The branch cut can be rotated about the branch point. ■ 
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Complex Powers 


Definition: If a,z eC and z ^ 0, we define the complex power 

z a e a log z 

so that each value of log 2 gives a value of z a . The principal branch of z a is 

z a :=e aLogz , z^O 

• Notice that, if a is independent of z, 

— z a — — e a Log z — C L e a Log z — a L °9 z = — z a = az a ~ 1 

dz dz z z 

provided the same branch is used for the logarithm defining z a and z a_1 . 

Example: Find the principal value of z = i 2l \ 

By definition with z — i and a — 2 i, the principal value is 

j2i _ e 2 i Log i _ e 2i(Log \i\ + i Arg i ) _ e 2z(Log 1 + ni/2) _ e ~7r 

Example: If zi = — 1 + i, z^ — i and a = show that for principal values (z\z'£) a 7 ^ z\ z?>\ 

We have Z 1 Z 2 = — 1 — i — V2e~ 37rz / 4 and 

(^ 2 ) 1/2 = (-l-i) 1 /2 = e |Log(-l-*) = LogV2 + iiArg(-l-i) 

_ e | Log 2 - 37 ri /8 _ 2 l/ 4 e - 37™/8 

4 /2 4 /2 = (-l+i) 1 /2 i l/2 = ( T2 e 3^/4 ) l/2 (e7 r i /2 ) l/2 

_ 2l/4 e 37ri/8 e 7T2/4 _ ^/^g^Tri/Q _ _ 2 ^/^e — 37ri/8 
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Square Root Function 


• The square root function is two-valued 

w = yZ = z 1 / 2 = e5 log2 = ei Log l 2 l + l iargz 
In particular, arg w — ^argz and 




1/2 e §iargz 


i r 37T 

— < arg w < — for - 7 r < arg 2 < 37 t 

2 2 

Consequently, increasing argz by 2n (which brings you back to the same point in the complex 
z-plane) changes the sign of w 


1/2 ( + |^| 1//2 e^ Argz , — 7r < arg z < 7r (branch 1) 

w — z L < —l 1 

[ — \z\ 1 / 2 e 2 lArgz , 7T < arg z <3ir (branch 2) 

These branches cover the complex plane C twice except at the branch point. 

• The principal value is the branch 1 value which has the same branch cut as the logarithm 

on C\(— 00 ,0] 














^branch 

point 

branch cut 

*0 
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Riemann Surfaces 


• The square root function is in fact single-valued and analytic on a Riemann surface of two 
sheets 

Riemann surface = C\{0} u C\{0} 

where it is understood that each time we cross the cut we move continuously from one to 
the other branch (sheet). 














^branch 

point 

branch cut 

*0 













• More generally, z m / n is analytic on a Riemann surface with n sheets and log z is analytic 
on a Riemann surface with an infinite number of sheets (winding once anti-clockwise around 
the branch point z — 0 increases the imaginary part by 2n). 
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Square Root Riemann Surface 


• To visualize the square root Riemann surface, let z = x + iy and plot 


u(x , y) — ± Re y/z, 


v(x , y) - ±lm yTz 


2 2 
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Example Branch Cuts 


Example: Determine a branch of \]z 2 -\-1\ 

Solution: Using the definition of the square root 

\!Z 2 + 1 = (z - i) 1//2 (z + i) 1 / 2 = exp[i log- i) +\ log (z + i)] 

Clearly, there are branch points at z = ±i. Two possible choices of branch cuts are: 
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Trigonometric/Hyperbolic Derivatives 


The trigonometric and hyperbolic functions are defined in terms of the complex exponential 


e lz + e 


COS z 


-iz 


cosh z : = 


e z + e 


cos z — cosh iz 


e lZ _ e — iz 


sin 2 : = 


2 i 


sinh 2 : = 


e z — e ^ 


sin z = — zsinh iz 


• These functions are all entire. Their derivatives are easily obtained using the derivative of 
the exponential and the rules for differentiation. For example, 


d 

dz 


sin z = 


d / e lz — e lz ' 
dz V 2 i 


= -\i{ie lz + ie~ iz ) = he lz + e~ tz ) = COS z 


The other standard trigonometric and hyperbolic functions are defined by 


tan z = 


secz = 


sin z 
cosz 
1 


cotz = 


cosz 
sin 2 


tanh z = 


cosec z = 


sech z = 


sinh z 
cosh z’ 
1 


coth z = 


cosh z 


cosech z = 


sinh z 
1 


cosz sinz coshz’ sinhz 

These functions are not entire — they are meromorphic (exhibit poles). 

• The familiar formulas for derivatives of these functions carry over to the complex functions. 
For example, away from poles 


d 9 

tan z = sec z, 


dz 


d 

dz 


sec z = sec z tan z 
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Inverse Sine 


Exercise: Show sin : —^ < Re z < | —► C\{(—oo, —1] u [1, oo)} 

Example: Show that the inverse sine function is the multi-valued function 

arcsin z = —i log [iz + (1 — z 2 ) 1 / 2 ] 

z = sin w = — ( e iw -e~ iw ) 

2 i 

e 2iw - 2 iz e iw -1 = 0 
e iw = i z + (1 - z 2 ) 1 / 2 

w = arcsin z = —i log [iz + (1 — z 2 ) 1 / 2 ] 
where the square root is multivalued. ■ 




Definition: The principal value of the inverse sine function is 


Arcsin z — —i Log [iz + e2 ^C 1 ^ 2 )] 


where the branch cuts for e^ 1 - 09 ^ 1 are 
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Inverse Trigonometrics/Hyperbolics 


• The principal branch inverse trigonometric and hyperbolic functions are defined by 


Arcsin z = —i Log(iz + y 1 — z 2 ), 

Arccos^ = —i Log(z + i\J 1 - z 2 ), 

Arctan z — [Log(l — iz) — Log(l + iz )], 


Arcsinh z — Log (2 + \/l + z 2 ) 

Arccosh 2 = Log (2 + \Jz - \\fz + 1) 
Arctanh z — ^ [Log(l + z) — Log(l - z)] 


• The multi-valued inverse functions are obtained by replacing the Log with log and the 
principal branch square root functions with with the multi-valued square root. 

• The derivatives of the inverse multi-valued trigonometric functions are 

— (1 — 2 2 ) -1 / 2 , 2 7^ ±1 

— —(1 — 2 2 ) -1 / 2 , 2 7^ ±1 

= ( 1 + 2 2 )- 1 , Z^±i 


d 
dz 
d 


arcsin z 


dz 

d 


arccos z 


arctan z 


Exercise: Find the derivatives of the inverse multi-valued hyperbolic functions 
(a) arcsinh z (b) arccosh z (c) arctanh z 
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Exercises: Complex Powers and Inverses 


Exercise: Show that the following identities hold when each complex power is given by its 
principal value 

t (b )z a z b = z a + b (c) 


(a) = 


£ 


(c) ^ = z a ~ b 

Z [ 


Exercise: Show that in the case 2 is real 


7r 7r 

—— < Arcsin x < —, x e (-1,1) 


Exercise: Show using the chain rule that 


d 

dz 


Arcsin z = (1 — z 2 ) - 1 / 2 , z ^ ±1 


where the same branches are used on either side. 
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Week 4: Complex Sequences and Series 


10. Complex sequences, Cauchy convergence 

11. Power series, radius of convergence and its calculation 

12. Statement of Taylor’s theorem, term-by-term integration and differentiation 


Brook Taylor (1685-1731) Colin Maclaurin (1698-1746) 
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Complex Sequences 


Definition: We say that a complex sequence {a n } = {a n }^ =1 = {ai,a 2 ,...} converges to a 
limit L in C and write 

lim a n — L or a n —> L as n —> oo 

n—+ oo 

if for any e > 0 there is an N = N(e) such that 



< € 


whenever n > N(e) 


If the sequence {a n } does not converge we say it diverges. 


Theorem 13 (Limit Theorems for Sequences) 

If a n and b n are convergent complex sequences, A,Be C and f(z ) is continuous then 
1. Linear: lim (Aa n + Bb n ) = A lim a n + B lim b n 

oo oo oo 


2. Product: 

3. Quotient: 


I im (ciri bn') — 

n^oo 




lim b 

oo 


n 


lim 

n^oo 


CLfl 

bn 


lim a n 


n^oo 


lim 

n^oo 



if 


lim b n ^ 0 

n —>oo 


4. Continuity: 


n 


im f(a n ) — /( lim a n 

— >00 \ 71—^00 
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Complex Sequences Exercises 


Example: (Geometric Sequence) Use the e-N definition to show that, for 
a n — z n converges to the limit L — 0: 




< 1, the sequence 


Solution: 


Q-n L 


z 


„ , N Log e 

< e whenever n > N(e) = -—, z ^ 0 

Log \z\ 


Exercise: Show that a complex sequence converges if and only if the real and imaginary 
parts converge, that is, if a n = x n + iy n 

lim a n — L — A-\-iB <^> lim x n = A and lim y n — B 

71—> OO 77—KX) 77 —>00 

Also show that a n — > L as n — *■ oo implies 


(i) lim a n — L 


n—>oc 


(ii) lim \a n \ — I L 


77—>CXD 
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Cauchy Convergence 

Definition: A complex sequence a n is a Cauchy sequence if for any e > 0 there is an N(e) 

such that . . ,, , r/ N 

a n ~ cbm | < e for all m, n > N(e) 

• Terms of a Cauchy sequence are arbitrarily close together for n and m sufficiently large. 


Theorem 14 (Completeness of M) 

(i) A Cauchy sequence of real numbers converges to a limit in R. (ii) A bounded (\a n \ < M) 
monotonic sequence (a n+1 > or a n+1 < a n ) of real numbers converges to a limit in R. 

• See text — deep properties of R related to closure. 


Theorem 15 (Completeness of C) 

A complex sequence a n converges to a limit in C if and only if it is Cauchy. 


Proof: (i) Suppose a n 
Hence a n is Cauchy 


L as n 



oo then given e > 0 there is an N(e ) such that 

e , N 

< — whenever n > N(e) 


an — cLm\ — |(&n — L) — (a rn — L) \ < \a n — L\ + | am — L\ < — + — = c whenever m, n > AT(e) 

(ii) Conversely, suppose a n is Cauchy. Then using the inequality | Re z\ < 


Re a n — Re a m 


Re(a n — dm) | " 


dn — dm 


< e 


for all m, n > AT(e) 


which implies = Re a n is a real Cauchy sequence. Similarly, y n — Im a n is a real Cauchy 
sequence. So x n —► x and y n ^ y are convergent sequences by the completeness of M and so 
a n — x n + iyn — ► x + iy is a convergent sequence. ■ 
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Euler’s Number 


Theorem 16 (Euler's Number e) 



Proof: (i) By the binomial theorem and geometric series 

1 . n(n —1)1 n(n — 1) ... 1 1 

-o 4 - 1 - 


a n — (14 - ) n — 1 + n - b 

n n 

1 . 1.1 


2 ! n‘ 


n 


n 


n\ 

^ , -. , - . l x , 2 N , 1 . 1 N , 2. . n — 1 N 

— 1 + 1 + -) + ~(1 - )(1 -) 4—-(1 —)(l —)•••(!-) 

2! n 3! n n n\ n n n 

111 11 1 1 

2! 3! n! 2 2 2 2™' 1 1-i 

Now are bounded increasing sequences, so they converge to limits e,rj with e < 77. 

(ii) Now suppose m < n and keep the first m terms of a n 


a n > 1 4“ 1 4“ < 7(1 -) 4“ • • 

2! n 

Holding m fixed and letting n —► oc gives 


+ -^(1 — —)(i — 2 )... (1 _ ™ — -) 

m\ n n n 


1 1 

e > 1 4“ 1 4-1-b 

2 3 


4 7 — bm 

m\ 


Taking m — ► 00 we have both e > 77 and e < 77 so e = 77. ■ 

• Like 7T, Euler’s number e is a transcendental number. A decimal approximation to e is 
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Complex Exponential 


Theorem 17 (Complex Exponential) 



Proof: Let w = 1/z and h = 1/n then 


d 1 Log(z + h) - Log z Log(l + |) w 

— Log z = - = lim - = lim -— = lim LogflH —) =w 

dz Z h—>0+ h h — > 0 + h n^oo n 


By continuity of e w , it follows that 


e w _ e lim„-*oo Log(l+^) n _ Mm e Log(l+^) n _ Mm (i _|_ VL) 

n—>oo n^oo n 


n 


Using the binomial expansion and expanding suggests 


w 


W 


= lim (1 H—) n = lim 


n—> oo 


n 


n—>oo 


w n(n — l)w^ n(n — 1) ... 1 w n 

1 + n -1-—-o H-1-:- 


= 1 + w + lim 

n—► oo 


n 2! n 

n(n — 1) up- 


n\ 


n 


n 


Ti‘ 


2 ! 


n(n — 1 )(n — 2) 

+ lim —- P ---h 


2 3 

w , w 

— 1 + w + — + — + 


2 ! 


3! 


= E 


n —>oo 


OO w n 


ri' 


3! 


71 = 0 


n\ 


The result is true. But this derivation cannot be justified — it is not a proof! 


• We will prove this exponential series later when we consider complex Taylor series. But 
first we need to consider the convergence of complex series. 
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Complex 


oo 


Definition: A complex series is an infinite sum of the form a n where {a n } is a complex 

71=1 

sequence. Each series is associated with a sequence of partial sums {S n } 



We say that a complex series converges to a sum S and write 



if the sequence of partial sums converges to S. Otherwise, the series is said to diverge. 


oo 


• The index for a series need not start at n — 1. For example, the geometric series is ^ z n . 

71=0 

Example: (Geometric Series) Show, for \z\ < 1, the geometric series converges with the sum 



Solution: If z < 1 then since z n+1 ^ 0 as n —► oo 


S n — 1 + £ + ••• + — 


1 - Z n+1 

1- z 


1- z 


as n —» oo 
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Limit Theorems and Divergence Test 


Theorem 18 (Limit Theorems for Series) 


OO 


oo 


If Y a n and Y b n are convergent complex series and A,B e C then 

71=1 71=1 


OO 


OO 


oo 


1. Linear: 


Y. (^^77 + Bbn) — A Y a n + B Y, b n 

77=1 77=1 77=1 


OO 


OO 


oo 


2. Parts: 


Y a n = S o Y, Re an = Re S and ^ im a n = /m S 

77=1 77=1 77=1 


OO 


Theorem 19 (Divergence Test) If Y a n is convergent then lim a n — 0. Equivalently, 

Z —' 77—^OO 

77=1 


OO 


if lim a n ^ 0 or if lim a n does not exist then V a n diverges. 

77—^OO 77—^OO z —' 

77=1 


77—^OO 


OO 


77 


Proof: If ^ o n is convergent then S' n = ^ a*. —»■ 5 as n — ► oo. So 

77=1 /c=l 

dn — *^77 *^77 _ 2. ^ £ S' — 0 as ti ^ oo I 

oo 

Example: The geometric series Y z n with a n — z n converges for 

77 = 0 


< 1. For z > 1 it is 


clear that 


O'77 


Z 


77 


diverges. Similarly, for |z| = 1, \a n \ — \z\ n = 1 /> o. Since lim 


77—^OO 


«77 7 ^ 0 


or does not exist in these cases we conclude from the divergence test that the series diverges. 
In summary, the geometric series converges for z < 1 and diverges for z > 1. ■ 
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Example Complex Series 


• The comparison, ratio and root tests (familiar from real analysis) can be used to establish 
convergence of complex series. See the supplementay material at the end of the slides for 
this week. 

Example: Compare use of the ratio and root tests to show the exponential series e z = 
converges for all z e C\ 



Solution: Ratio test is easy 


a n-\-l 


z 


Un 

n 

+ 1 


0 as n 


oo 


But the root test requires Stirling’s approximation 



&71 


1/n _ 


z 


(n!) 1 /" - 




e z 


n 


0 as n —> oo 


00 ( 

Example: ^ - 

71=1 


2 )3n+l z 


n 


n 


n 


converges absolutely for all z e C since: 


p = lim a n x ! n = lim 

^ 71—^OO 


n—>oc 


23 + 1/71 


2 : 


= 0 < 1 


n 


It is usually easier to use the ratio test (rather than the root test) when it applies, 
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More Example Complex 


Example: Determine the largest region in which the following series is convergent and find 
its sum: 

OO 1 

So ( 4 + 2 *) n 

OO 

This is a geometric series ^^ w n with w (4 + 2 z)- 1 

77 =0 


oo 


since 


w 


So ( 4 + 2 ^) n 

<1 z + 2 > i. 


1 - 


4+2z 


4 + 2z 
3 + 2 ~z 


z + 2 > i 


cos nO 

Example: Show that the series ——— is convergent for all 0 e M and find its sum 


71=0 


m 




Since ^ < 1 we have a convergent geometric series 

n 1 2 2 — e~ l ° 4 — 2 cos# + 2zsin 0 


oo 

E 

77 = 0 


1 - 


A6 


2 — 2 — e ^ 


5-4 cos 6 


SZ cos nO „ 

E = Re E 


OO / e 76> X 77 


77=0 


77=0 


4 — 2 cos 0 

5 — 4 cos 0 
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Harmonic 


Theorem 20 (Harmonic Series) The harmonic series, given by the Riemann zeta 
function ((p) with p eR, converges if p > 1 and diverges if p < 1 


OO 1 

«"> = E Sf ■ 

P > 1 

77=1 



Proof: (i) For p — 1 the series diverges since 


s 2 k - i + o+ o + Tl+ c + z + ^ + oH I- 


2 

1 


3 

1 


6 7 

1 


8 


2 k-l + i 


+ • • • + 


k 


£ 1 + 2 + l2j + l2j+ - + y = 1 + 2 

(ii) For p < 1 the series diverges by comparison to p — 1 


oo 


n 


1 n 1 

S n = V — > V - 

k =1 K k =1 K 


(iii) For p > 1 we have by the geometric series since 


oo as n 

1 


oo 


2 p- 1 


< 1 


2& 


5, 


2 k -l 


= 1 + 


2P 3P 


+ —+ —+ 


2 4 

< 1 -|--|-)- \- 

— ' 2 P 4P 


4P 5P 

2^—1 


(2 fc_1 )P 


6P jp 


= 1 + 


+ • • • + 


(2 fc-1 )P 


+ • • • + 


1 1 

+ TI—T" + * • • + 


(2 k - T)p. 


2P~ 1 


4 p- 


(2/c- 1 )p- 1 


< 


1 - 


1 

2P- 1 


So the increasing sequence of partial sums S n converges by the completeness of R. 


oo 


We will show later that 


c(2)= E — = 


TV 


oo 


71=1 


C(4) = E -4 = 


7T 


77=1 


90 


etc. 
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Power 


Definition: A series of the form 


(X) 

oo 

Y a n (z ) = 

Y a n(z - a) n 

n= 0 

71 = 0 


with coefficients a n e C is called a power series around z — a. 

Theorem 21 (Radius of Convergence) 

A power series has a radius of convergence R such that either: 
(i) The series converges only at a and R — 0. 


(ii) The series converges absolutely on \z — a 
(Hi) The series converges for all z and R — oo. 

Proof: See text. ■ 


< R and diverges if 


z — a 


> R > 0 


Theorem 22 (Analytic Power Series) 

A power series converges to an analytic function inside its circle of convergence 
Proof: See text. ■ 


z — a 


= R. 


* A power series may converge at some, all or no points on the circle of convergence 
z—a\ — R. The largest disk on which a power series converges is called its disk of convergence. 
This is either an open or closed disk of the form z — a < R or z — a < R. 
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Radius of Convergence 


The radius of convergence R is actually defined by the Cauchy-Hadamard formula 


— = lim sup \a n 

R n—too 


1/n 


In practice, however, the radius of convergence is usually determined by applying the ratio or 
root test: 


p — lim 

n^oo 


a 


n+1 


(*) 


a n (z) 

p= lim |a n (z)| 1//n = 


z — a 


lim 


a 


n+1 


< 1 — = lim 


n—>oc 


z — a 


n- 

-tOO 

dn 

R 

n— >oo 

lim 

an 1/n < 1 

1 

=> — 

= lim 

n— 

too 

R 

n^ oo 


a 


dn 


n+1 

dn 

1/n 


Example: Find the radius of convergence of the power series 


oo 


£ 


n 


( n + l ) 2 


n=0 


2 3 

z z z 

— 1 + — + — + — + 
4 9 16 


Solution: The convergence is determined by the ratio test with 


— = lim 

R n—too 


a 


n+1 

dn 


(n+1) 2 

= lim --= 1 

OO ( n _|_ 2)2 


So R = 1. In fact the series converges absolutely for \z I < 1. 
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Taylor and Maclaurin Series 

Definition: If f(z ) is analytic at z — a then the power series 

~ / (n) (a) r Y „ r( \ | f/ ( W \ , f"(a) 2 , 

2^ -;-= /(«) + / Ca)C^-a; H- ——(z-a) H- 

n n \ 2! 

n —0 

is called the Taylor series of f(z) around a. if a = 0, it is called the Maclaurin series for f(z). 

Example: Find Maclaurin series for e z , e lz , cosh 2 , sinhz, cosz f sinz and Log(l + z) giving 
the disk of convergence: 


Solution: These can be obtained using the formulas 


d n 

dz n 

d n 

dz n 

d n 

dz n 


= 1 

z=0 

cosh z 

z=0 

Log(l + z) 


d n 

dz n 


■IZ 




n 


z =0 


1 


d n 


2 dz n 


(e z + e~ z ) 


= £[! + (-!)"], etc 


z=0 


= (-ir- 1 (n-l)! 


z=0 


and the ratio test for convergence. 
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Standard Maclaurin 




oo n ~2 J3 

V — = l + H-1-b 

^ n n\ 2! 3! 

77 = 0 


,n 


+ ^ + 


n\ 


< oo 


oo 


,7 Z 


= E 


77=0 


(iz) 


n\ 


n 


Z' 


= 1 + io-i-1- 

2! 3! 


i o) n j 


z 


cosh z = 


sinh z = 


COS z = 


sin z = 


oo 2n 

y —— 

n (2 n )! 

77 = 0 V 7 


2 4 

= 1 + E + il + 


,277 


+ 


(2 n)! 


n! 


+ 


z 


< oo 


< oo 


oo 


,277+1 


n ? 0 (2n+l)! 


r 3 _5 

= H-1-b 

3! 5! 


,2n+l 


+ 


(2 n+ 1)! 


+ 


z 


< oo 


oo 


,277 


,77 


E(-D 

77 = 0 

OO 277+1 

E(-O n 

77 = 0 


,77 


Z 


277 


-i 2 , Z ‘ . / -x, 

-— 1 — — -b — — • • • -b ( — 1 ) 

(2 n)\ 2! 4! (2 n)! 


+ ... 

-277 + 1 


< OO 


,77 


~3 ~5 

. — z _ _ + __L ( — 1) 

(2n + 1)! 3! 5! (2n + l)! 


+ 


z 


< oo 


oo z n 


-2 -3 -77 

z - z ■ - -n+l 2 


Log(i+z) = E (-i) n+1 — = + + (-D 

n=l n 2 3 


+ 


n 




< 1 


• Note that Log(l + z) has a branch point at z = —1. 
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Taylor’s Theorem 


Theorem 23 (Taylor's Theorem) 

If f(z) is analytic in the disk \z — a\ < R then the Taylor series converges to f(z) for all z in 


this disk. The convergence is uniform in any closed subdisk 


z — a 


< R' < R. Specifically 


71 i 

/O) = X] 71— ~( z - a ) k + 


k =0 


k\ 


where the remainder satisfies 


sup \R n (z)\^0 as n ^ oo 

I z—a\<R' 


Proof: Given later after Cauchy’s integral theorems. 
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General I’Hopital’s Rule 


Theorem 24 (General I’Hopital’s Rule) If f(z) and g(z ) are analytic at z — a and f(z), 
g{z) and their first n— 1 derivatives all vanish at z — a but the nth derivative g (l> Ha) ^ 0 then 




Proof: Since f(z ) and g(z) are both analytic in an open disk around z — a we can represent 
them by their Taylor series 


lim 


Z 


>a 


/(*) 

g(z) 




g / (fc) (a) (z _ a)fc - n 


k=n 


k\ 


g g W ( a ) ( ^_ a) fc-n 


k=n 


k\ 




f (n kz) 

g( n Xz) 


and use the quotient rule, uniform convergence and continuity of the series and continuity of 
the nth derivatives. ■ 
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Example: General I’Hopital’s Rule 


■ i— i . /*i* 2 cosh z-2-z 2 .... .1 . . 

Example: Evaluate (i) him-^-» (n) lim(- cotz): 


z^O 


z^O z 


(i) The first three derivatives vanish at z = 0 so by I'Hopital 

f(z ) /( 4 )(a) 2 cosh 0 1 


lim / \ 
g(z) 


g^ A \a) 


4! 


12 


(ii) Alternatively you can use Taylor series 

A N . s\nz — zcosz 

lim (-cot z) — lim- ; - 

z^O z z^O zS\f\z 

,. (z — z 3 /64 -) — z{l — z 2 /2 + • • • ) ,. z 3 /3 + 

= lim --— - _ , --- = lim —- 

z^O z(z — z 3 /6 + • • • ) z^O z^ + • 










Taylor with Removable Singularity 


Example: Find the Taylor expansion about 2 = 0 of 


/(*) = 


sin 2 


2 


Solution: Note that f(z ) has a removable singularity at 2 = 0 and that f(z ) is in fact entire. 
Indeed, 


/CO = 


sin 2 


00 




•5 R 

^ z° 2 4 

3! + 5! + f- = V(-l) 

3! 5! ^ 


n 


z 


2n 


n=0 (2n+l)i 

The derivatives f^ n \z) are undefined at 2 = 0, so the coefficients in the Taylor series must 
be interpreted as limits 



Hence the Taylor coefficients are 


lirr1/(2) 

z—>0 


sin z 

lim-= 1 


z^O z 


lirr1/(2) 

Z^U 


2COS2 —sin 2 2 ( 1 - 4 -+ •••) —(2 

lim-■=- = lim---x— 


-£ + •") 


z^O z 2 4 —>0 


lim 


+ 


= 0 


/"(*) 


lim 
^0 2 ! 


lim 


(2 - z 2 ) sin z- 2 zcos 2 ; 


2 z 3 


lim 

z^O 


(2~z 2 )(z-4+---)-2z(1-4+---) 


2 z^ 


lim 

z^O 


+ 


2 z 3 


1 

6 


3! 


and so on. 
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Real Taylor with 


Singularity 


Example: Find the Taylor series expansion about x = 0 of the function of the real variable x 


/(*) = e- 1 /* 2 

Solution: Note that f(x) is C°° (it has continuous partial derivatives of all orders) but it is 
not analytic — it has an essential singularity at x = 0. Again since the derivatives f^ n \x) 
are undefined at x — 0 we must interpret the coefficients in the Taylor series as limits 



Hence the Taylor coefficients are 


lim f(x) 

x^O 

lim^M 

x —>0 2! 


lim e 1 / x ' 2 — 0, 

x^Q 


— lim 

x —>0 


(4 — 6x 2 )e 
2 x 6 


= 0 , 


lim /'(a:) 

x —>0 

llm£w 

a ;—>0 3 ! 


lim 

x^0 


2e~ 1 / x ‘ 


= 0 


X' 


— lim 

x —>0 


4(2 — 9x 2 + 6x 4 )e 
6 x 9 


= 0 


and so on since for n > 0 


e ~l/x 2 


X 

—n 

X 

n (n+1)! x^ n ~^^ 

x n 

p l/x 2 (l/x‘ 

2)n+l \x\ n 


(n+l)! 


0 as x 


0 


We conclude that the Taylor series of f(x) about x — 0 vanishes identically and so it does 
not converge to f(x ) in any open neighbourhood of x = 0. Existence of the Taylor series is 
not sufficient to guarantee convergence to the function — we need analyticity\ ■ 
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Manipulation of Series 

Theorem 25 (Adding Series) 

Let A and B be constants and let f(z), g(z ) be analytic with Taylor series 

oo oo 

/(O — 55 Un( < z ~ 00 5(0 — 55 b n (z - a) n 

n= 0 n=0 

Then the Taylor series of Af(z ) + Bg(z) is 

OO 

- 4/(0 + Bg(z) = 55 ( Aa n + Bb n )(z - a) n 

77=0 

Proof: use ^-[Af(z) + Bg(z)} = Af^ n \z) + Bg^ n \z). ■ 

az n 


Theorem 26 (Cauchy Product) 

Let /(z), g(z ) be analytic with Taylor series 


OO 


OO 


, 77 


/(O = 51 ~ o n , 5(0 = 55 bn ( z -o 

77=0 77 = 0 

then the Taylor series of f(z)g(z) around a is given by the Cauchy product 

OO 77 

f(z)g(z) = 55 Cn(z - 00 Cn = 55 a n-kh 

77 = 0 /c = 0 

Proof: The coefficients c n are given by Leibnitz formula evaluated at z — a 

_ " f( n ~ k \z) g( k \z) 

ho (n~k)\ 


1 


n! Gb n 


f(z)g(z) 


k\ 


• When series are added or multiplied, the resultant series converges in the smaller of the 
two disks of convergence. 
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Example of Manipulating 


Example: Use the Cauchy product of series to show that 



Solution: For z < oo, use the exponential series around z = 0 


oo n 

f(z)=e zz 1 = Y, T"’ 


77 =0 


n\ 


oo n 

g(z) = e zz 2= -4 2\ 


77=0 


n\ 


an — 


bn — 


/ (n) 0) 


n\ 


*1 


n 


z=0 n! 


g( n Hz) 


n\ 


_ £2 
2=0 n! 


77 


oo n 

/Ws(^) = e^e^ 2 = ( £ -iz" 


71 = 0 


m 


oo n 

y -^z n 

n n\ 

77 = 0 


OO 


- I] CnZ n = 

77=0 


77 _ e z(z 1 +Z 2 ) 


since by the binomial expansion 


77 


77 n—kk 


Cn- H a n-kh— Y r \ k )\ k \ 

k= 0 fc=0 / w- K ' 


Oi + 2 2 )” 


n! 


The result follows by taking ^ ^ 1 in e zz i e zz 2 — e z ( z i+ z 2 ) using continuity which follows from 

uniform convergence of the series on z < r for any r > 0. ■ 
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Another Example of Manipulating 


Example: Use the Cauchy product to show 



Solution: 


z 2 z 4 

cosh z ta n h z (1 -J - • • •) (q>o &\za 2 z 2 a^z 3 -l - • • •) 

= clq + a\z + (a 2 + ^-)z 2 + (a 3 + ^)z 3 + (a 4 + ^ + ^)z 4 + (a 5 + ^- + ^-)z 5 + 


4! 


4! 


z 3 z 3 

= sinh z = z -\ -1-b 

3! 5! 


ag = 0, a\ — 1, a 2 = 0, <23 =-, <24 = 0, <25 = 


15 
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Limits of Integrals 


Lemma 27 (Limits of Integrals) 

Let {a n (z)} be a sequence of continuous functions on a region S and let 7 be a curve inside 
S. If a n (z) converges uniformly to a(z) on 7 then 

lim a n (z)dz — / a(z)dz 

n —>00 Lv 



Proof: Using integral bounds we find 


[ a n (z)dz - [ a(z)dz = [ (, a n (z ) - a(z))dz 

J'y J'y J'y 


7 

*6 


< 


an(z(t)) — a(z(t))\\z'(t)\dt 

fb 

< sup |a n (z) — a(z)| / |z 

ZG 7 ./a 


= sup |a n (z) - a(z)\ Length(7) 
since a n (z) converges uniformly to a(z ) on 7. ■ 


0 as n —► 00 
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Term-By-Term Integration 


Theorem 28 (Term-By-Term Integration) 

Let {a n (z)} be a sequence of continuous functions on a region S and let 7 be a curve inside 

OO 

S. If a(z) — 22 a n(z) converges uniformly on 7 then 

71=1 



Proof: Apply the previous lemma to the sequence of partial sums. 


Example: Use term-by-term integration to find the Maclaurin series of Log(l + z) 
\z\ < r < 1 we have 


On 


Log(l+^) = [ - 

Jo 1 


z dw rz 


OO 


+w = Jo £<-« 


n w n 


OO rz OO 

dw = ^ (— 1) n J w n dw — ^ (—1) 


n 


z 


77+1 


77=0 77 = 0 

Uniform and absolute convergence follows by Weierstrass test. 


77=0 


n + 1 
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Term-by-Term Differentiation 


Lemma 29 (Term-by-Term Differentiation) 


OO 


oo 


If a' n (z ) exists in Sc <C, X a n(z ) converges in S and X a ' n ( z ) converges uniformly in S, 

71=1 77=1 

then the series can be differentiated term-by-term 


oo 


d 00 

gi XI “nO) = X ®Ii( z ) sii z <e s 

dz 1 

77=1 77=1 

Proof: See text — similar to term-by-term integration. ■ 

Theorem 30 (Differentiation of Taylor Series) 

If f(z) is analytic at z — a so that 

00 f^(o) 

f(z)= X —r^-C-ar 

n n - 
77 = 0 

the Taylor series for f(z) is given by term-by-term differentiation of the Taylor series for f(z). 
Proof: The derived series obtained by term-by-term differentiation is 

t , t N ^ / (n) 0) , -\n—1 

J V z ) — / Z - Z~{Z — CL) 

n=l (^- 1 )! 

Since this is the Taylor series of the analytic function f\z) it converges uniformly in any 
closed subdisk of the disk of convergence. So the result follows from the lemma. ■ 

• The derived series for f\z) converges with the same disk of convergence as for f(z ). 

Example: Use term-by-term differentiation to find the Maclaurin series of (1 — z)~ 2 \ 


d 


00 


(1 - z) 2 


d 00 w d 

= —Yz n = Y —(z n ) = Y 
dz\\—z) dz rs rsdz 

77=0 77 = 0 77=1 


n z 


77—1 


£ 


< r < 1 
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Suplementary Material on Complex Series 

• The remaining slides of Week 4 are supplementary material on complex series. For the 
most part, this material involves results and concepts obtained by relatively straightforward 
extensions of the corresponding results and concepts for real series previously encountered in 
real analysis. 

• Knowledge of most of this material will be assumed for completing problems on the problem 
sheets and assignments as well as in the exams. In particular, you should be familiar with the 
following topics: 

• conditional and absolute convergence 

• comparison, ratio and root test 

• uniform convergence 

• Weierstrass M-test 

• This material we not be included in lectures. Please see the recommended textbooks for 
more details on this material. 
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Absolute and Conditional Convergence 


oo 


oo 


Definition: A complex series ^ a n is absolutely convergent if \a n \ is convergent. A 

n= 1 n =1 

complex series that is convergent but not absolutely convergent is called conditionally con¬ 
vergent. 


Theorem 31 (Absolute Convergence Implies Convergence) 


OO 


If E a n is absolutely convergent then it is convergent. 

71=1 


n 


n 


Proof: Let S n — a*., T n — ^ |a*.|. Since {T n } converges it is a Cauchy sequence. The 

k =l fc=i 

sequence of partial sums S n is also Cauchy and therefore converges since for n > m > N(e) 


| Sri SV;/ 


n 


n 


a k < \ a k\ = l T n - T m \ < e 

/c = 777+1 fc = 777+l 
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Example: Conditional Convergence 


Example: The series 


oo 


E 


c-ir - 1 

n 


converges conditionally: 



1 



ri O O O O 

D4 O5O3 O7O5 




OO 1 

(i) No absolute convergence since V] — diverges. 

-1 n 
n= 1 

(ii) The even and odd partial sums are monotone and bounded 



By completeness, they converge, and to the same limit since 


- S 2n ) = Jjm, — = 0 


lim S 2 n- 1 — lim S 2 


n—>• 00 


n —>00 


n 
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Rearranging 


Theorem 32 (Rearranging Absolutely Convergent Series) 

The terms of an absolutely convergent series can be arbitrarily rearranged. 


Proof: See text. 


Since the previous series is absolutely convergent for z < 1, we can rearrange its terms 


oo 


Log(l + z) = 


~Tl ~|T 

n * _ ^ i \ \ z 1 z^ i 

— z -r — ~ — -r ~cc ^ ~ — + 


71=0 


n + 1 


< 1 


= E 


OO / ^,477 — 3 


+ 


^477—1 Z^ n 


z 


< 1 


\ \4n — 3 4 n — 1 2 n J ’ 

77=1 

But this is not a power series, Abel’s theorem does not apply and the result does not hold 
at z = 1. In fact for n > 1 we have the identity 


477 — 3 

This implies that 


+ 


l 


477—1 277 


477 — 3 477— 2 1 477— 1 477 


+ ^_LU17 1.-1 

1 A m _ 1 A ry-k I I 


2 1277— 1 277 


OO 

E 

77=1 


4 n — 3 4n — 1 2 n. 


11111 

1+ 3“2 + 5 + 7“i + 


= Log 2 + i Log 2 = | Log 2 


Rearranging the terms of a conditionally convergent series is thus invalid. 
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Comparison Test 


Theorem 33 (Comparison Test) 

oo oo 

(i) If | On| < b n for n > no and b n — T is convergent, then o n is absolutely convergent. 

71=710 77=770 

OO OO 

(ii) If 0 < cp. < d k for k > n o and ^ c n diverges then d n diverges. 

77=770 77=770 

77 77 

Proof: (i) Let 5 n = E I a k I » ^77 - E bj,. Then 

k=riQ k=riQ 

Sn ^ Tn T 


and the increasing sequence of partial sums converges by the completeness of M. So 


oo 


o n is absolutely convergent and so is 

77 = 77Q 


OO 


OO 


no -1 

E an = E an + E an 

77=1 77=1 77 = 770 


(ii) The partial sums are bounded from below 


77 


77 


Un — E 4 > E c fc 

k = TlQ k = TlQ 


77 


So U n — > oo as n —> oo since c ^ — ► oo. 

k=riQ 
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Ratio Test 


Theorem 34 (Ratio Test) Suppose that 


p — lim 

n^oo 


CL 


nj-1 


oo 


Then the complex series a n converges absolutely if p < 1 and diverges if p > 1. The test 

71=1 

/'s inconclusive if p — 1 . 


Proof: (i) If p < 1 and r is such that 0 < p < r < 1 then 


a 


77+1 


< 


0-77 


n > N 


|a AH _ 1 | < \a N \r, \a N+m \ < \a N \r m , m > 0 


l a iV+ll + l a AT+2l + '' ' < l a /vl( r + r + r +'••) 
and the series is absolutely convergent by comparison with the geometric series. 


(ii) If p > 1 and r is such that 1 < r < p then 

Q, 77+ll ^ | <^77 | T > an 

So lim a n \ 7 ^ 0 and the series diverges. 

77 —>00 1 


n > N 


oo 


(Mi) p — i for the absolutely convergent series ^ 


(-l) n 


, the conditionally convergent series 


77=1 


7T 


00 (-i)n 00 i 

^ - and the divergent series ^ . 


77=1 


n 


77=1 


n 
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Examples: Comparison and Ratio Test 


oo 


,77 


Example: Show that the series ^ 


n 


= ! n(n + 1) 


is absolutely convergent for 


< 1 : 


<^77 


z n 



n i 1 


n(n + 1) 

n(n + 1) n(n + 1) n 2 


= b 


n 


So the series converges absolutely for \z\ < 1 by comparison to the convergent harmonic series 
with p = 2 > 1. ■ 


oo 


Example: (i) 


(-3) 


n 


oo 


(3) 


n 


77=1 


n\ 


converges absolutely (ii) T —diverges since: 

i n z 


p — lim 

n —»oo 


a 


71+1 


' 3 

lim - 

7l->OC n + 1 


71=1 

= 0 < 1 (I) 




3 n z 

lim --- 7 T 

n > °° (ra + l ) 2 


= 3 > 1 (ii) 


OO 


(z 2) n_1 

Example: Show that the series 2 J - 7 ^ 7 — , converges absolutely for all z + 2 <4: 


4 n (n + l) 3 

Using the ratio test for z + 2 <4 


p = lim 

77 —>00 


^77+ 1 

— 1 i m . 

z + 2| 

(n + l) 3 

z + 2 

Un 

- 1 1 1 1 1 

oo 

4 

(n + 2)3 

4 


< 1 


so the series converges absolutely for |z + 2| < 4. If \z + 2\ — 4, the series converges absolutely 
by comparison to the harmonic series with p = 3 > 1: 

in—1 i i 


Un 


z + 2 


< 


4 n (n + 1)3 4(n + 1)3 
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Root Test 


Theorem 35 (Root Test) Suppose that 


p — I i m cin 

n— xx) 


1/n 


oo 


Then the complex series ^ a n converges absolutely if p < 1 and diverges if p > 1. The test 

71=1 

is inconclusive if p = 1. 

Proof: (i) if p < 1 and r is such that 0 < p < r < 1 then 


a n 


1 / n < r or a n < r n , 


n > N 


oo 


oo 


\ an \ ^ J2 


r 


n 


n=N 


n=N 


So the series is absolutely convergent by comparison with the geometric series, (ii) and (iii) 
are similar to the ratio test. ■ 
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Uniform Convergence 


Definition: The sequence {a n {z)} converges uniformly to a(z) on a subset S c C if for any 
e > 0 there is an N(e) (independent of z e S) such that 


sup | a n (z) — a(z) | < e 

zes 


whenever 


n > iV(e) 


oo 

The series ^ a n (z) converges uniformly to a(z ) on 5 if the sequence of partial sums converges 

n =1 

uniformly to a(z) on S'. 

• For pointwise convergence N — N(e,z ) can depend on z e C. 

Theorem 36 (Uniform Convergence Implies Convergence) 

(i) If the sequence {a n (z)} converges uniformly to a(z) on a subset S c C then {a n (z)} 
converges pointwise on S. 


OO 

(ii) If the series a n (z) converges uniformly to a(z ) on a subset S c C then the series 

71=1 

converges pointwise on S. 


Proof: (i) We need to show that for each z e S 

\ a n(z) — a(z) | < e whenever n > AT(e, z) 
But now for any z e S, by uniform convergence 


a 77 (z) — a(z)| < sup |a n (z) — a(z)| < e 


whenever n > iV(e) 


zCS 

So pointwise convergence holds on S with N(e,z ) = iV(e) independent of z e S. 
(ii) Apply (i) to the sequence of partial sums. ■ 
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Uniform Convergence and Continuity 


Theorem 37 (Uniform Convergence and Continuity) 

0) If converges uniformly to a(z) on S c C end an(z') is continuous on S for each n 

then a(z ) is continuous. 

oo 

(ii) If S(z) — Y a n(z) converges uniformly on S and a n (z ) is continuous for each n then S(z ) 

71=1 

is continuous on S, that is , 

oo oo oo 

Jim Y an( < z ) — Y Jim a n (z) — Y anOo), z 0 e S 

Z >ZQ Z ?ZQ 


Proof: (i) We are given that (a) {a n (z)} converges uniformly to a(z ) on S, (b) a n (z) is 
continuous at zq, that is, 

a(z)\ < — whenever n > N(e) 

3 


(a) 

sup 

a n (z ) 


zes 


(b) 

a n(z') — an 


a n(z) — a n (zo)| < — whenever \z — zq | < £(e, zq) 

3 

We show a(;j) is continuous at z = zq. Suppose z e S, n > N(e) and use the triangle inequality 
|a(z) - a(z 0 )| < \a(z)—a n (z) + a n (z) — a n (zQ) + a n (zQ) — <i(zq)\ 

< \a(z)-a n (z)\ + \a n (z)-a n (zo)\ + \a n (zo)-a(zo)\ 

< sup \a(z)-a n (z)\ + \a n (z)-a n (zo)\ + sup \a n (z)-a(z)\ 

zes zes 

< — + — + — = £ whenever \z — zq\ < 5(e, zq) by (a) and (b) 

3 3 3 

(ii) Follows by applying (i) to the sequence of continuous partial sums. ■ 
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Example of Non-Uniform Convergence 


Example: The sequence of real functions a n (x) — x n converges pointwise on the interval 
x g [0,1] to a(x) given by 


a(x) = lim x n — 

n^oo 



x G [0, 1) 

x = 1 


The sequence converges uniformly and absolutely on any closed interval [0,r] with r < 1 but 
does not converge uniformly on the closed interval [0,1]: 


Solution: On the interval [0,r] the convergence is uniform 
and absolute 


sup \x n — a(x)\ = sup \x 


n 




n 


0 as n 


oo 


£cE[0,r] xG[0,r] 

But on the interval [0,1] the convergence is not uniform 
sup \x n -a{x)\— sup \x n \ — 1 o as n — ► oo ■ 

xG[0,l] xG[0,1] 

• Notice that the limit function a(x ) is continuous on any 
interval [0,r] but not continuous on [0,1] where uniform 
convergence fails. 



Exercise: Discuss the convergence, uniform or otherwise, of a n (z) 
0 < Re z < 1, 0 < Im 2 < 1. ■ 



on the square 
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Weierstrass M-Test 


Theorem 38 (Weierstrass M-Test) 

oo oo 

Suppose (i) |a re (z)| < M n for all z e S and (ii) E M n converges. Then E a n (z) converges 

n= 1 n= 1 

uniformly and absolutely on S. 


oo 

Proof: The absolute (pointwise) convergence of S(z) — E a n (z) follows by comparison with 

71=1 

OO 

the series T — E M n . For m > n> 1, consider the partial sums 

77=1 


77 


77 


Sn(z) = E a.fc(z)> 
fc=l 


I S m (z) - S n (z)\ = 


Tn = E M k 
k =1 

777 

E a fc( z ) < E l°fc( z )l 

/C=77+1 /C=77+1 


777 


777 


77 


Letting m 


< — T rn TJ 

fc=77+l 

oc and taking the supremum (maximum), we find 


sup |SOO -SnWI < \T-Tn\ < e for n > N(e) 

zes 


where N(e ) is independent of z e S' and uniform convergence follows. 
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Examples of Uniform Convergence 


oo 


Example: The Riemann zeta function £( 2 ) = V] — converges uniformly and absolutely for 

1 n z 


Re z > p > 1 : 


an(z) I = 


— z 


n 

— 


71=1 


,-(x+iy)Log n 


_ ,t Log 7i 


< e - pLogn = n~P = M n 


OO 


Since the harmonic series ^ — is convergent for p > 1, the result follows from the Weier- 


77=1 


nP 


strass M-test. 


00 z n 

Example: Show that the series ^ ^ converges uniformly and absolutely on 


< 1 


77=1 


n ‘ 


Solution: For 


< 1, we apply the Weierstrass M-test with 

z 


a n (z) | — 


77 ^ 

< — = M 


n 2 n 2 


77 


00 


Since the harmonic series ^ n p with p = 2 > 1 converges, the series converges uniformly 

77=1 

and absolutely on z < 1. ■ 


4-38 


















More Examples of Uniform Convergence 


oo n 


Example: Show that the series V] — converges uniformly and absolutely on \z\ < r for any 

n 


r < 1. 


71=1 


Solution: For z < r < 1, we apply the Weierstrass M-test with 


a n (z )| = 


z 


n j,n 


< 


<r n = M 


n 


n 


n 


oo 


Since the geometric series ^ rU with r < 1 converges, the series converges uniformly and 

77=1 


absolutely on 


£ 


< r < 1. 


In fact, using Taylor series, we will see later that 


oo £n 


Y. — = -Log(l-z), 
i n 


z 


< 1 


77=1 


oo 


Notice that the series V — diverges at z = 1 but converges on \z\ < 1. However, this 

i n 

77=1 

convergence is not uniform on z < 1. The convergence is only uniform on the closed sub¬ 


disks 


< r < 1. 
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Abel’s Continuity Theorem 


Theorem 39 (Abel’s Continuity Theorem) 

Suppose the power (Taylor) series 


OO 


.71 


has the disk of convergence 


f(z ) = £ a n (z - a) 

71=0 

z — a < R and converges at z — w on the circle of convergence 


z — a 


= Then 


OO 

f( w ) = Jirr^ f( z ) = ^ a n (w- a) n 

77=0 

where the limit is taken from inside the circle of convergence. 
Proof: See text. ■ 

Example: From the Taylor series 


OO 


Log(l + z) = (-1) 


,77+1 


77 


£ 


<R = 1 


n 77+1 

77=0 1 

where the power series is conditionally convergent at 2 = 1. Hence, by Abel’s theorem, 


OO 


00 r 1577 

= lim LogCl + z) = E ^TT = E 

z^l ~ 77 + 1 


z <1 


77 = 0 


77=1 


2 77 — 1 277, 


Log 2 













Week 5: Line and Contour Integrals 


13. Line and contour integrals, paths and curves 

14. Properties of line integrals, path dependence 

15. Cauchy-Goursat theorem and applications 


Marie Ennemonde Camille Jordan (1838-1922) Edouard Jean-Baptiste Goursat (1858-1936) 
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Complex Integrals 


Definition: Consider a complex-valued function of a real variable t 

z : [a, b] —> C z(t) — x(t) + ii/(t) 


where x(t), y(t) are continuous on [a, b\. Then we define the complex integral 



where the real integrals giving the real and imaginary parts 

Re f z{t)dt — f Re z(t)dt , Im f z(t)dt — f Im z{t)dt 

Ja Ja Ja Ja 


exist by continuity as the limits of Riemann sums where {tj} is a partition of [a, b] with to 

t n — b and A tj = tj — tj—i 





Complex Primitives 


Theorem 40 (Complex Primitives) 

If the complex-valued function z(t) is continuous on [a, b\ and has a primitive Z(t) such that 
Z'(t) — z(t) then 



Example: Eva 


luate the integral [ (t 2 + it) dt 

Jo 


[ (t 2 + it) dt = 
Jo 


-21 1 


-b i — 

3 2 


Jo 


1 1 . 

-1- i 

3 2 


r2 tt 

Example: Evaluate the integral / e 1 dt 

Jo 


Or better 


2tt * 2.71 

I e lt dt — I (cost + i si n t) dt — 
Jo Jo 


sint — icost 


- 27T 

- 0 


= 0 


‘27T 

dt = 


'0 


— e 
L i 


it 


271- 1 o • 

= —(e 2?r2 

0 i 


-i) = o 
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Primitives 


Definition: If f(z) and F(z) are analytic in an open connected domain D and F'(z) — f(z ) 
then F(z) is called a primitive (antiderivative or indefinite integral ) of f(z ) and denoted 

F(z) = / f(z) dz + constant 


Theorem 41 (Primitives) If F{z ), G(^) are both primitives of f{z) in a connected open 
domain D so that F\z) — G'(z) — f(z) everywhere in D, then F(z) - G(z) is constant in D. 


Proof: Let H(z) — F(z) — G(z) = u + iv. Since H\z) — 0 it follows from the Cauchy-Riemann 
equations that in D 


du du dv dv 
dx dy dx dy 

Integrating gives 


u = const, v = const ^ H = u + iv = const in D ■ 


• Note that f\z) — 0 in D implies f(z ) is constant in D. 


• Note also that connectedness is essential since 




< 1 
> 1 


is analytic and f\z ) = 0 on its domain of definition D but / is not constant on the discon¬ 
nected domain D. 
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Smooth Curves 


We want to define contour integrals along curves or contours which generalize straight line 
segments and arcs of circles. To do this we define the notion of smooth curves. 

Definition: A smooth curve 7 is a function z : [a, b] c R —► C such that z(t) — x(t) + iy(t) 
where x{t ), y(t) are C 1 and hence differentiable. The curve is simple (non-self-intersecting) 
if z(ti) 7^ zfo) for a < ti < t2 < b and is closed if z(a) = z(b ). A smooth curve is directed or 
oriented with initial point z(a) and endpoint z(b). 

Definition: A contour r = YJj—\ lj consists of a finite sequence of smooth curves 7 j, 
j = 1,2 ,...,n with endpoints joined to initial points. A contour is thus piecewise smooth 
(differentiable) and allows for self-intersections, corners and cusps (corners with common 
tangents). 
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Jordan Theorem 


Theorem 42 (Jordan Theorem) A simple closed curve r divides the plane C into two open 
regions having the curve as their common boundary. The bounded region is the interior of 
r and the unbounded region the exterior. The curve r is positively oriented if the interior 
always lies to the left. 

Proof: Very difficult — see textbook. 
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Contour Integrals 


Definition: Let f(z ) = u(x, y) + iv(x, y) be continuous in an open region containing the 
smooth curve 7. Then we define the contour integral of f(z ) along 7 by 


f f(z)dz:= [ f(z(t)) -j-dt = [ (it + iv)(x'(t) + iy'(t))dt 
^7 Ja dt Ja 


•6 


a 


- v(x(t),y(t))y'(t) 
b 


dt 


+ i 


'a 


u(x(t),y(t))y'(t) + v(x(t),y(t))x'(t) 


dt 


The real Riemann integrals exist because the integrands are continuous. In terms of line 
integrals in vector analysis 

/ f(z)dz = / {u + iv)(dx + idy) = / udx — vdy + i / vdx + udy 
J7 J 7 J 7 J7 

A contour integral over r = YZ—ilj ' s defined by 



A contour integral over a simple closed contour in the positive (counter-clockwise) sense is 
denoted 

f(z)dz — closed contour integral 
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Properties of Line Integrals 


Theorem 43 (Properties of Line Integrals) 

If A, B are constants, f(z ) and g(z ) are continuous in an open region containing r, and — r 
denotes the contour r traversed in the opposite direction then 


1. Linear: 


j^_ (Af(z) + Bg(z)\dz = Aj^_f(z)dz + B j^_g(z)dz 


2. Orientation: 


3. Additivity: 


r i+r 2 


J ^ f(z)dz — ~ J r fC)dz 

f(z)dz — f f(z)dz + [ f(z)dz 

J \~2 


4. Bound: 


f(z)dz 


7 


fb 

< / l/(^) 11 z i.t')\dt, 7 :z = z(t), te[a,b] 

J a 

J^_f(z)dz = J^_ f f(g(w))g'(w)dw 


5. Change of Variables: 

where z = g(w), r /s the image of r 7 under the change of variables and g(w) is analytic in a 
region containing V'. 
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Example Line Integrals 


Example: Evaluate the line integral 
1 H - i\ 



zdz where 7 is the straight line segment from 0 to 


Solution: We parametrize the curve by z — x + iy = (l + i)t = t + it so that x(t) — t and 
y(t) — t with 0 < t < 1. Hence x\t) — 1, y'(t) — 1, z'{t) — 1 + i and 

[ zdz = [ z — dt — [ (1 + 0^(1 H“ i)dt 

Jz JO dt JO 


= 2i I tdt = 2 i 
'0 


r t 2,l 


L2 


0 


i 



Example: Evaluate the closed contour integral 
twice in the counter-clockwise direction: 


dz 

r z 


where r is the circle z — 1 traversed 


Solution: We parametrize the 
z{ 0) = z(2tt) = 1 and z r (t) — ie^ 




z(t) — e lt with t G [0,27r] so that 



[ e ^{ie^dt 

Jo 
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Path Dependence 


Example: Evaluate the line integral j zdz along the curve r where 

(a) r = 7 is the straight line segment from z — Otoz — \ -\-i, (b) 
r = + 72 is the sum of two straight line segments from 0 to 1 

and 1 to 1 + i and (c) where r = 71 + 72 - 7 is a closed contour. 








1+* 





1 / 







72 












0 


71 

1 



(a) We parametrize the straight line segment by z = (1 + i)t with z'(t) = 1 + i, z = (1 
and t G [0,1] 



r 1 _dz 
/ z — at — 

J 0 dt 



(1 — i)t( 1 + i)dt 



tdt = 2 


rt 2 ! 1 

-2 Jo 


1 



(b) We parametrize (i) 71 : z — t with z'{t) — 1 and t e [0,1] and (ii) 72 : 2 = 1 + it with 
z'(t) — i and t g [ 0 , 1 ] 







rt 2 ! 1 

_2 Jo 


1 

2 








71 +72 


zdz — j +/ z dz — i + (i + z) = 1 + i 

Jyi ^72 


1 

2 


+ i 


(c) By additivity, the closed contour integral is 




z dz = ^ + i) 
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Path Independence 

Example: Evaluate the line integral J z 2 dz along the curve r 

where (a) r = 7 is the arc of the unit circle from z = 1 to z = i, 
(b) r = 7 X + 72 is the sum of two straight line segments from 1 
to 0 and 0 to i and (c) where r = 7 — 71 —72 is a closed contour. 



















/ 

72 



r 












0 


71 

1 




(a) Parametrize the quarter circle 

’7r/2 

7 JO 


o 

z dz — 


— 1 by z — e lt with z'(t) — ie lt and t e [0,7r/2] 

* / 2 o„- + . . . W 2 

0 


Z 


9 dz , 
z z — dt = 


> 2 ^ie^dt — if 

JO 




3it 


I3i 


dt 

?r/2 1 o -/o 1 

= -(e 3 "/ 2 -l) = --(l+i) 
JO 3 3 


e 3 ^dt 


(b) We parametrize (i) —71 : z = t with z'(t) = 1 and t e [0,1] and (ii) 72 : z — it with 
z'(t) = i and t g [ 0 , 1 ] 


— I z 2 dz — 


z 2 dz — l z 2 — dt 


71 


■71 


'0 


dt 


z 


72 


2 dz — I z 2 — dt = / ( it) 2 idt— 

Jo dt Jo 


r 0 


—1 


t 2 dt = 


r-f3n 1 


L3 Jo 


9 7 2 

t at =- 


f 0 


71 +72 


o 

z dz — 


z 2 dz =- 


72 


■71 


1 1 , 

- = —(1 + 0 

3 3 


1 

3 


(c) By additivity, the closed contour integral is 






z 2 dz — ——(1 + 0 + 7(1 + 0 — 0 
72 3 3 
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Green’s Theorem 


Theorem 44 (Green's Theorem) If R is a closed region of the xy plane bounded by a 
simple closed curve r and if M and N are C 1 in R then 




• Generally, by Green’s theorem, if r is a simple closed curve 



<j> xdx-\-ydy + i j) xdy — ydx = 2i{a\'ea enclosed by r} 
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Proof of Green’s Theorem 


Proof: Assume first that R is convex (so that any 
straight lines parallel to coordinate axes cut R in at 
most two points) with lower (AEB), upper (AFB), left 
(EAF) and right (EBF) curves y = Yi(x) f y = Y 2 (x), 
x = Xi(y ) and x = X 2 (y). 



j) M dx = J M(x,Yi(x))dx J M(x,Y 2 (x))d 
r “ 6 

= - / [M(x,y 2 )-M(x,yi)]da; 

J a 


a 


•y=Y 2 (x ) dM(x, y) 


y=Yi (x) 


dy 


dy 


dx — — 



R 


dM 

dy 


dxdy 


N dy — J* N(X 2 ,y)dy+ f N(X 1 ,y)dy 


■f 


'X—X2(y) dN(x,y) 


l x=X 1 (y ) 




dx 


dy — 



R 


ON 

dx 


dxdy 


Adding gives the required result. If R is not convex (or is multi-connected), we can subdivide 
R into two or more convex regions by cuts and use additivity. ■ 
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Cauchy’s Theorem 


Theorem 45 (Cauchy's Theorem) If f(z) is analytic in a simply-connected open domain 
D and f(z) is continuous in D then for any simple closed curve r in D 

j) f(z)dz — 0 


Proof: Let R be the union of r and its interior so that r = dR. The result then follows from 
Green's theorem (which requires r simple and f\z) continuous) 



+ iv)(dx-\-idy ) 


udx-vdy-\-ij) vdx-\-udy 


= // ~ dxdy + i I f \ dxdy = 0 

J^J \ ox oyJ J J \ox oy) 

since by Cauchy-Riemann equations 

du dv dv du 

dx dy ’ dx dy 


Theorem 46 (Cauchy-Goursat Theorem) 

If f(z) is analytic in a simply-connected open domain D then for any closed contour r in D 



Proof: Difficult — see text. Removes requirements that r is simple and f\z ) is continuous in 
R. Note r = dR must be positively oriented so that R is always on the left. Also the region R 
need not be simply-connected provided all of the boundary of R is included in r = dR. ■ 
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Examples of Cauchy’s Theorem 


Example: Verify Cauchy’s theorem for cos zdz where the closed contour traverses counter¬ 
clockwise the square with vertices at z = 0,1,1 + i, i. 


Solution: Since f(z) is entire, all closed contour integrals must vanish. We parametrize the 
four edges by (i) 71 : z = t, t e [0,1], (ii) 72 : z = 1 + it, t e [0,1], (iii) - 73 : z = i + t, t e [0,1], 
(iv) — 74 : z — it, t e [0,1]: 


'11 


'12 


COS zdz — COS tdt — 

'0 


-11 


sin t 


= sin 1 


Jo 


COS zdz — i( COS(l +it)dt = 

Jo 

cos zdz — [ cos (i+t)dt = 

■73 Jo 

COS z dz — i l COS (it) dt = 

74 ^0 


sin(l+it) 


11 


Jo 


= sin(l+0- sin 1 


sin(z+f) 


0 


= sin(l + 0 — sin i 


sin (it) 


= sin i 


0 


COS zdz — / + / — / — / COS zdz 

r Jn J12 J-13 J~i 4 

= sin 1 + [sin (1+i) — sin 1] - [sin(l+i) — sin i\ - sin z = 0 



Example: Evaluate the contour integral 



e z dz 

(z 2 -9 y 


The integrand is analytic except at the poles z = ±3, so 
z —2. The closed contour integral therefore vanishes by 


it is analytic in and on the circle 
Cauchy’s theorem. ■ 
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Conservative Vector Fields 


Theorem 47 (Conservative Vector Fields) 

If f(z) — u(x,y) + iv(x,y ) is analytic in a simply-connected open domain D, then the vector 
fields A\ — (u, —v) = V^i and A 2 = (v,u) = V(f 2 3re conservative in Del 2 and J f(z) dz is 
independent of path. 


Proof: Recall that, in vector analysis, a C 1 vector field A on a simply-connected open domain 
D is conservative and can be written as A — V</? if and only its curl, V x A, vanishes. So let 
A i = (u,—v, 0), A 2 = (y,u, 0) and use the Cauchy-Riemann equations to show that in M 3 


V x A 1 


V x A 2 


• 

• 

7 

k 

/du 



J 

d 

d 

i 

Ox 

dy 

dz 

^dy 


u 

—V 

0 


0 

l 

d 

0 

J 

d 

k 

d 

/du 

dv 

dx 

V 

dy 

U 

dz 

0 

^dx 

dy 


dv 

dx 




0 


0 


Then restrict to M 2 since u,v are functions of x,y only. ■ 


Note that if dr — ( dx,dy,dz ) then since Ai and A 2 are conservative 

f(z)dz = J( u + iv)(dx + idy) = J u dx — v dy + i J v dx + u dy 


= J ( u , — v , 0) • dr + i J (v , u, 0) • dr = j A\ • dr + i J A 2 • dr 


= path independent integral 
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Week 6: Cauchy’s Integral Formula 


16. Fundamental theorem of calculus, path independence 

17. Deformation of contours about simple poles 

18. General Cauchy integral formula 


Augustin Louis Cauchy (1789-1857) 
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Fundamental Theorem of Calculus 


Theorem 48 (Fundamental Theorem of Calculus) Suppose f(z ) is analytic in a simply- 
connected open domain D then 


r%2 , 

z 2 

/ fC)dz — F(z ) 

= F(z 2 ) ~ F{z i) 

J Z\ 



is independent of the path in D joining z\ and z^. Here 


F{z ) — [ f(w)dw, 

zq e d 

Jz 0 



is a primitive of f(z) and is thus analytic in D 


F\z ) = /CO, * e d 






Proof of Fundamental Theorem of Calculus 


Proof: Suppose ri and r2 are two contours joining z\ and 2:2 in D. Then r = l“i — l“2 is a 
closed contour and path independence follows from Cauchy’s theorem 



/ f(z)dz — [ f(z)dz — [ f{z)dz - 
JY JY 1 — Y 2 JY 1 



f(z)dz 


Since f(z) must be analytic everywhere between l“i and l“2, this region must be simply 
connected so that l~i can be continuously deformed into l”2. By path independence, F(z) is 
well-defined in D with derivative 



lim 

A^O 


lim 


F(z + A z) - F(z ) 


A z 

•2 + Az 


A z 
1 

lim — 

A^O A z j z 


zo 

z+Az 


— I f(w)dw 

JZQ 


f(w)dw = f(z ) 


This last limit follows, since f(z) is continuous, by the following Lemma. ■ 
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Estimating Integrals 

Lemma 49 (Continuity Lemma) If f(z) is continuous in an open domain containing z and 
z + A z then 



Proof: Since f(z) is continuous we have 

\f(w) — f(z)\ < e whenever \w — z\ < <5(e) 
Choose |Az| sufficiently small so that \w — z\ < |Az| < (5(e) then 

1 rz-\-/\z 1 fZ+Az 

- / f(w)dw — f(z) = - 

A zJz A z 

1 /■t+At 


UW - f (z)\dw 


< 


Az 


fM - f(z) 


dw 

dt < - 

e 

rt+At 

dw 

df — . 

e 

dt 

A z 

Jt 

dt 

kJj Ls - 

Az| 


Length(r) = e 


Here we used the path independence of the contour integral to choose r to be the straight 
line segment between z and z + /\z so that Length(r) = |A z 


Theorem 50 (Integral Estimate) If f(z) is continuous in an open domain containing r and 
\f(z)\ < M on r, then 



J r f{z)dz 

ft 2 

< \ 

Jti 

fC ) 

dz 

dt 

dt < M Length(T) 


Proof: The proof of this useful estimate is left as an exercise. 
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Examples of Fundamental Theorem 


Example: Evaluate the line integrals / z n dz, n e Z around the unit circle from z\ — e 

J Z\ 

to Z 2 — e*( 7r_e ), 0 < e < 7r and hence obtain <f> z n dz : 

J\z\ = l 

For n > 0, f(z ) = z n is entire whereas, for n < —1, f(z) = z n is analytic in the punctured 
plane C\{0}. Since this is not simply-connected we introduce a cut and work in C\(—oo,0]: 



Exercise: Verify this directly by evaluating the line integrals. 

f dz 

Example: Evaluate the closed contour integral <z> —: 

J\z+ 2| = 1 z 

F(z) — Log z is not a primitive since it is not analytic at z = —1, —3 on the contour. However, 

the branch Log(— z) with 0 < arg z < 2n is a primitive and is analytic in C\[0,oo). Now it 

follows as in the previous example that the closed contour integral vanishes 


dz 


|z+2| = l z 


lim 

z 2 >Z 1 


Log(-z) 


z 2 

Z 1 
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Trigonometric Integrals 


Example: Show that 



cos 2n tdt — 


1 • 3 • 5 • • • (2 n — 1) 

- ; - ; - 

2 • 4 • • • • (2 n) 


n — 1,2,3,... 


Solution: Let z = e lt so that dz — ie lt dt — izdt and dt = dz/iz. Then cost = ^(z + z 1 ) and 
by the binomial theorem 



cos 2n tdt = 


Ul=l 


i(z + z 1 ) 


l 1 2n dz 


iz 



2n—2k 

k ) Z 


= -f - ( 2n ) f ~ = ^~ ( 2 ") 2 „i 

2 2n i \ n J J\z\ = l z 2 2n i V n J 

1 (2n)! (2n)(2n — l)(2n — 2) • • • 1 

— —o-2 tt = ---—---2tt 

2^ n n! n! (2 n n!)(2 n n!) 

_ (2n - l)(2n - 3) • • • 3 • 1 
(2n)(2n — 2) • • • 4 • 2 
where we used the previous result 



0, n 7 ^ —1 

27rt, n = —1 


Exercise: Establish the previous cosine integrals using the methods of real analysis, that is, 
integration by parts and recursion relations. ■ 
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Closed Contours About Simple Poles 


Theorem 51 (Closed Contours About Simple Poles) 

If r is any closed contour not passing through z — a 

r dz _ Jo, a outside r 
Jr z — a I 27tz, a inside r 



Proof: The integrand f(z) = - is analytic in C\{a}. Hence if a lies outside r the integral 

z — a 

vanishes by Cauchy’s theorem. If a lies inside r, the contour can be deformed into a small 
circle 7 of radius e > 0 centered on a with z — a — ee^, At) = iee^ and 0 < t < 27r so that 




‘27r i 


zee 


it 


r 0 


e e 


it 




dt = 27rz 


Note that the analyticity domain of f(z) between r and 7 is not simply-connected but that 
introducing a cut l“i gives a simply-connected domain R. Then Cauchy’s theorem implies 



and hence the deformation is valid 
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Deforming Closed Contour Integrals 


Example: Evaluate 



dz where the closed contour r is the ellipse z\ + \z — 1 




Solution: By partial fractions, f(z) — 


3z - 2 



— 4--— is analytic in C\{0,1}. 

z z — 1 


We introduce small circles centered at z = 0,1 and two cuts ri,r 2 so that the region R 
between r and the circles is simply-connected. Cauchy’s theorem then tells us that we can 
deform the contour 









dz 


— 2(27t i) + 0 + 2 • 0 + 27 ri = 67r i 

where each of the four integrals is evaluated using the previous theorem. ■ 

• This method easily generalizes to evaluate closed contour integrals of any rational function 
of z with only simple poles. 
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Cauchy Integral Formula 


Theorem 52 (Cauchy Integral Formula) Let r be a positively oriented simple closed con¬ 
tour. If f(z) is analytic in a simply-connected open domain D containing r then 


/(a) = 


/CO 


Jv z — a 


dz , 


a inside r 



Proof: The integrand is analytic in D\{a}. We introduce a small circle 7 of radius e > 0 
centered on z — a and a cut f~i so that the region R between r and 7 is simply-connected. 
We parametrize 7 by z — a — ee lt with z r (t) — iee lt . By deforming the contour we find 


/(*) 


dz = 


/(*) 


dz 


C z — a ^7 z — a 

Since the LHS is independent of e we can take e — ► 0 


/(*) 


dz = I i m 


r z — a 


e^O J-f z — a 
*27T 


f (z') r2?r 

-Jr—dz = i lim / f(a-\-ee lt )dt 

e^O Jo 


= 1 I lim /(a + ee il )dt = i I f(a)dt = 2nif{a) 
1 0 e^O JO 


*27T 


where we have used the continuity of /(z). 
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A Trigonometric Integral 



Let z = e l6 so that z'(0) — ie td — iz and d6 — —idz/z. Then 


/ 



where z± — (3 ± \/5)/2 = 2.618.., 0.381.. 
So setting 


which is analytic inside 


f(z) = (z- z+ r 1 

z I = 1, we have by the Cauchy integral formula 


I 





2tt 



2tt 

\/5 



Exercise: Evaluate I using the methods of systematic integration for real integrals, that is, 
by using the substitution t = tan(0/2). ■ 
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General Cauchy Integral Formula 


Theorem 53 (General Cauchy Integral Formula) Let f be a positively oriented simple 
closed contour. If f(z ) is analytic in a simply-connected open domain D containing r then 


/ (n) («) = 


n\ 


Kz) 


27 xi Jr (z — a) n +-*- 


dz , 


a inside r, n — 0,1,2,... 


Proof: See text. This result is equivalent to 


d n , d n 
fW = 


da n 


da n 


i r Kz) 


27 xi 


i Jr z — 


dz 


a 


1 r d n f(z) 


2iri Jr da n z — a 


dz 


Example: Evaluate the integral 
Let f(z) - 


e z dz 


z |=4 (z — 2) 2 

e z which is entire, then by the general Cauchy integral formula with n 

e z dz 
z i 


= 1 


|=4 (z - 2) 


= 27ri/ / (2) = 27 rie‘ 


Corollary 54 (Analyticity of Derivatives) If f(z) is analytic in an open simply-connected 
domain D, then f\z ), f'\z ),..., f^ n \z), ... are all analytic in D. 


Proof: Follows from the general Cauchy integral formula since, for a suitably chosen closed 
contour r, the derivatives exist and are given by 


f (n \z) = 


n\ 


Kw) 


2ni JF (w — z) n 


dw 
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Taylor’s Theorem 


Theorem 55 (Taylor’s Theorem) 

If f(z) is analytic in the disk \z - a\ < R then the Taylor series converges to f(z) for all z in 


this disk. The convergence is uniform in any closed subdisk 


z — a 


< R' < R. Specifically, 


n 


f(z) = J2 - TT^ ( Z ~ + Rn(z) 

k—0 


where the remainder satisfies 


sup 

I z—a\<R' 


Rn(z) | ^ 0 as n ^ oo 
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Proof of Taylor’s Theorem 


Proof: Let C be the circle 


z — a 


= R" with R' < R" < R. Then by Cauchy’s integral formula 


with n — 0,1,2,... for z inside C 


/(*) = 


fM 


2iri Jc w — z 


dw , 


f( n \a) 


fM 


n\ 


2ixi JC (w — a ) nJr1 


dw 


If we substitute 


w — z (w — a) — (z — a) w — a 1 — 


z—a 

w—a 


w — a 


(z—g) nJrl 

z - n (z - a Y ( z-a) n (w-a )^ 1 

1 “I-r tT * * * T 7-T 


w — a (w — a) 2 


(w — a ) 


n 


1 - 


z—a 

w—a 


into the first formula, integrate term-by-term and use the second formula we find 


n 


/0) = ~ ZY~^ ( Z - + R n(z) 

k =0 k ■ 


where the remainder R n (z) is uniformly bounded on 


z — a 


< R' by 


Rn{z) | = 


27T 


/O) (z - a) 




< 


C (w — z) (w — a) n ~ 
2 ttR" 


dw 


2tt(R" - R ') \R". 


max|/(w)| 

wGC 


0 as n 


oc 
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Evaluation of Integrals 


Example: Show that 


1 r e zt dz 
2i vi J\z\=2 z 2 + 1 


t e C 



Solution: The integrand is analytic except at the simple poles z = ±i. We place circles 71 
and 72 of radius e around these poles so that by deformation of contours 


e zt dz 
\z\=2 z 2 + 1 


— f + 

J ll 


e zt dz 
^72 z 2 1 



fl(z)dz + 

z — i 


f f 2 <jz)dz 
J 72 z i 


where 


fl(z) 


e zt 
z + % 





z — l 


Hence by the Cauchy integral formula 

1 f e zt dz 


27ri J\z\=2 z 2 + 1 


= /l (0 + / 2(~0 


— e lt —— e lt = sint ■ 
2 i 2 i 
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Another Trigonometric Integral 


Example: Use the general Cauchy integral formula to evaluate the integral 

_ f 2n dO 

Jo (2 +cos#) 3 


Solution: Let 2 = e %e so that z'( 9 ) — ie ld — iz and 
d 6 — —idz/z. Then 


I = 


‘27T 


dQ 


8 dz 


'0 (2 +COS#) 3 

8 z 2 dz 






121=1 z (4 -\- z -\- z l) 3 

f(z)dz 


|=1 (z 2 + 4 z + l) 3 




|=1 (2 - z + ) 


where z± — (-2 ± V3) — —0.26.., —3.73.. and 



which is analytic inside 



Note that 



2 _|_ Z- — — 4 , 2 _|_ — 2 _ = 2 V 3 , 

So, by the general Cauchy integral formula with n = 2 

16[0 + Z —) 2 + 2 z 2 _] 


7 = (-i)( 27 ri)/"(z + )/ 2 ! = n 


(Z - 2 _) 




= 1 


= 16 tt 


7T 


2: = 




16 + 2 


( 2 a / 3) 5 \/3 


Exercise: Evaluate I using the substitution t = tan(6 | /2). ■ 
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Week 7: Singularities and Laurent Series 

19. Isolated zeros and poles, removable and essential singularities 

20. Laurent series 

21. Residues 


Charles Emile Picard (1856-1941) 
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Order m Zeros 


Definition: A point z = a is a zero of order m of /(z ) if f(z) is analytic at z — a and f(z ) 
and its first m — 1 derivatives vanish at z — a but f^ m \a) 0. A zero of order 1 is a simple 
zero. 


Lemma 56 (Order m Zero) 

Let f(z ) be analytic at z — a. Then f(z ) has a zero of order m at z — a if and only if 


f{z) = (z- a) m g(z) 

where g{z) is analytic at z — a with g(a ) ^ 0. 

Proof: Using Taylor series 


/(*) 

with 

Conversely, 




oo j(n+m)( a ) 
n=0 (n + m )! 



f(z) = (z- a) m g(z) 
a) n analytic at z — a 


OO 


OO 


g(z) — a n(z - a) n => f(z) — (z - a) m Y a n(z ~ «) 
n= 0 n=0 

and since ao ^ 0, f(z) has a zero of order m at z = a. ■ 


71 
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Isolated Zeros 


Theorem 57 (Isolated Zeros) 

Zeros of an analytic function which is not identically zero are isolated, that is, if z = a is a 
zero then there are no zeros in a punctured disk about z = a. 

Proof: The Taylor series about z — a with Taylor coefficients a n converges to f(z ) on some 
open disk about z — a. If a n — 0 for all n then f(z) = 0. Otherwise, there is a smallest m > 1 
such that a m 7 ^ 0 and f(z) = (z - a) m g(z ) has an order m zero. Now g{z) is analytic and 
therefore continuous at z — a with g(a ) ^ 0. Hence g(z) ^ 0 in an open disk about z — a 
and the result follows. ■ 
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Isolated Singularities 


Definition: Let f(z) have an isolated singularity at z — a and Laurent expansion 


oo 

f(z) — a nO - a ) n > 

n =—oo 


o < 


z — a 


< R 


(i) if a n — 0 for all n < 0 then we say z — a is a removable singularity. 


(ii) If a- m ^ 0 for some m > 0 but a n — 0 for all n < —m, we say z = a is a pole of order m. 

(iii) If a- n 7^= 0 for an infinite number of n > 0, we say z = a is an essential singularity. 

Examples: From Laurent expansions we find 

(i) f(z ) = sin z/z has a removable singularity at z = 0. 

(ii) f(z ) = e z /z 3 has a pole of order 3 at z = 0. 

(iii) /(z) = e 1 / 2 has an essential singularity at z = 0 


e 



1 

1 + - + 

z 




Theorem 58 (Isolated Singularities) If /(z) has an isolated singularity at z — a then 

(i) z — a is a removable singularity |/(z)| is bounded near z — a /(z) has a limit as 

z — > a /(z) can be redefined at z — a so that /(z) /'s analytic at z — a. 

(ii) z — a is a pole |/(z)| — > oo as z a ^ f(z) — g(z)(z — a)~ m with m > 0 anc/ 5 (a) 0. 

(iii) z — a is an essential singularity <£> |/(z)| is neither bounded nor goes to infinity as z a 
o /(z) assumes every complex value, with possibly one exception, in every neighbourhood 
of z — a. 

Proof: See text: (i) is easy, (ii) is similar to previous theorem, (iii) is hard (Picard). ■ 
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Laurent Series 


Definition: A series of the form 



convergent in some open annulus r < 


z — a 


< R is called a Laurent series around z = a. 


• A Laurent series is the sum of two Taylor series, the first in positive powers of w = z — a 
and the second in positive powers of w = (z — a) -1 , that is, in negative powers of z — a. The 
first series converges for I z — a < R and the second series converges for I z — a > r or 


z—a 


< r' 


The Laurent series therefore converges in the intersection of these two regions given by the 


open annulus or ring r < 


z — a 


< R. 


• In practice, a Laurent series is usually obtained by combining suitable Taylor series, 
example, the Laurent series for f(z ) = z 2 e 1 / z about z = 0 is 


For 


1 1 
1 + I + 2!^ 


+ 


3 \z 3 


+ 


O XI 

= Z 2 + Z-I - 1 - 

2! 3\z 


+ 


4 \z 2 


+ 


The inner and outer radii of convergence r, R are defined by the Cauchy-Hadamard formulas 


r = limsup 

n^oo 


a- 


n 


1/n 


— = limsup anl 1 /™ 
R 


n^oo 


In practice, however, r and R are usually determined by applying the ratio or root test. 
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Laurent Theorem 


Theorem 59 (Laurent Theorem) 

(i) Suppose f(z ) is analytic in an open annulus r < 


z — a 


< R and let C be any circle with 


center at a lying in this annulus. Then the Laurent series with coefticients 


an — 


/O) 


2ni JC ( w — a) n +l 


dw, n — 0,±1,±2, 


a is inside C 


< P2 < 


converges uniformly to f(z ) in any closed subannulus r < p\ < \z - a 
(ii) Conversely, If r < R and 

oc oo 

^2 a n(z — a) n converges for \z — o| < R, ^ a- n (z - a)~ n converges for 

71 = 0 77=1 

then there is a unique function f(z ) analytic in r < \z — a 


z — a 


> r 


< R with the Laurent series 


oo 


^2 a n (z-a) n . 


77 = —OO 


Proof: Similar to Taylor’s theorem — see text. ■ 

• If f(z) is analytic in \z — a\ < R then by Cauchy’s theorem a n — 0 for n < — 1 and the 
series reduces to the Taylor series. In practice, the coefficients are typically obtained by 
manipulating Taylor expansions about z - a — 0 and z — a — oo. 
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Example of Laurent 


Example: Find the Laurent series of f(z ) = 


(z-l)(z- 2) 


in the annulus 1 < 


£ 


Solution: Since the only singularities are at z = 1,2, f(z ) is analytic in 1 < 
partial fractions 


oo n oo ^ 


(z-lXz-2) (z- 2) (*-l) 


= - V __V 

r on4-1 r 


on+l ^ + 1 

n =0 n =0 


since, by the geometric series, for z < 2 or 


,3 

2 


< 1 


1 1 


( z — 2 ) 


2 1-1 
z i 2 


= -£ 


oo 


n=0 


2^+1 


and for 1 < z or 


l 

Z 


< 1 


1 1 


OO 


(z-1) 


-L ^—r 


z i — — — n Z n + 1 

z n=0 


< 2 : 

< 2. Using 
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Further Examples of Laurent 


Example: Find the Laurent series of f(z) — 


z 2 - 2z + 3 
z-2 


in the region z — 1 > 1: 


Solution: Since the region \z — 1| > 1 excludes the singularity at z = 2, f(z) is analytic in 


2 — 1| > 1. We now use the geometric series and expand for 

z 2 -2z + 3 (z — l) 2 + 2 (z — l) 2 + 2 


z-1 


< 1 


z-2 


(z-l)-l 


(*-!) + 


(*-l) 1- 


(z-1) 


O - i)J L 


i + 


+ 


(z-l) (z-l)2 

(z - 1) + 1 + + 7 L_ + 


+ 


+ 


(z-1) (z — 1)2 

2 2 

+ 7-+ ' 


L(*-i) (z-i ) 2 

OO O 

(*-D + 1 + £ l (7TTy- 


i n 


Exercise: Find the Laurent series of 


/(*) = 


in each of the regions (i) 0 < 




z(z- 1) 

< 1, (ii) IzI > 1, (iii) 0 < |z — II < 1 and (iv) Iz 


- 1 > 1 
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Residues 


Definition: If f(z) has an isolated singularity at the point z — a, so it is analytic in a punctured 
neighbourhood of a, then the coefficient a_i of ( z-a ) _1 in the Laurent series for f(z) around 
a is called the residue of f(z) at a and denoted Res(/; a) 

OO 

f(z:) — ^2 a n (z — a) n Res(a) = Res(/; a) = a_i 

n=—oc 

If f(z) is analytic at the point z — a then f(z ) has a Taylor expansion around a and 


Res(a) — Res(/; a) — a_ ± — 0 

Lemma 60 (Order m Pole) If f(z ) has a pole of order m at z = o then 



In particular, if f(z) has a simple pole (m — 1) at z — a then 



Proof: Starting with the Laurent expansion 

a —m , , CL—2 


/(*) = 


(z — a) 


rn 


+ ' ' ' + 


+ 


a i 


(z — a) 2 (z — a ) 


+ ao + ai(z — a) + 


d m 


-1 




y[(z — a) m /(z)] = (m — 1)! a_i + m! ao(^ — a) + • • • —► (m—l)!a_i as z 


a 


• If f(z) has an essential singularity then the residue is obtained from the Laurent series of 
f(z ) in the punctured neighbourhood of a using Res(/; a) = a_i. 
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Examples of Residues 


Example: Find the residues of f(z) — 


(1 — z ) 2 (2 — z) 


Solution: There is a simple pole at z = 2 and a double pole at z — 1 


Res(2) = lim (« - 2) ( 1 _ ;) f (2 _ ;) = ^5 


Res(l) = lim — 

z—>l dz 


(z-iy 


= lim 


d 


(1 — z) 2 (2 — z)l dz L(2 — z). 


= -4 


2r 


2z 


= lim , , NO 

z—>l [2 — z (2 — z) 2 


+ 


z* 


=2+1=3 


Example: If f(z) = P(z)/Q(z) is rational and the polynomial Q(z) has a simple zero at 
use I'Hopital's rule to show that 

Res(/; a) = , Q'(a) ^ 0 

Q {a) 


Solution: Using I’Hopital's rule 

, n . (z — a)P(z) P(z) + (z — a)P\z) P(a) 

Res(/; a) = lim -- yy = lim w y v w 


z—±a 


Q(z) 


z^a 


Q'(a) 


Q'O) 


5 


Q'(o) 7^ 0 






















More Residues 


Example: Find the residue 


r «(s 1 


Solution: Using the previous result 


_ / sin z \ sin 2 

Rest —-; 1) = 


2 

•Z^ — Z 


2z-l 


= sin 1 


Z=1 


Example: Find the residue 


Resfz 2 sin —; 0 


Solution: There is no pole, rather 2 = 0 is an essential singularity. The Laurent expansion is 


z 2 i- 


1 1 + 1 


z 3 !z 3 5!z 5 


= z- — + 1 


3 \z 5!z 3 


Hence 


Resfz 2 sin 0) = — — 
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Residues as Integrals 


Exercise: If C is any closed contour and m e Z, use deformation of contours and a change 
of integration variable to evaluate the contour integral to show that 

/ (z — a ) m dz = Res ((z-a) m ;a^j = S m _ i, a inside C 
The contour integral does not exist if m < 0 and the contour passes through a. 


Example: If f(z) is analytic at z = a or has an isolated singularity at z = a, show that 


Res(/; a) = lim 

0 . 1 , f(z)dz 


e^O 

.2.7TZ J\z—a\=e 



This gives an alternative definition of residues. 


Solution: Using the Laurent series gives 


lim 

e^O 


27 XI J\z—a\=i 


f(z)dz 


— lim 

e 


oo 


0 L27TZ |z a | e n= _ OQ 


a n (z — a) n dz 


— lim 

e 


oo 


E 


0 27TZ 

n=—oo 


U - J) (z — a) n dz 

i J\z—a\=e 


= a_ i = Res(/; a) 


The term-by-term integration is justified because the Laurent series is absolutely and uni¬ 
formly convergent in any closed sub-annulus within the open annulus of convergence. If z — a 
is an isolated singularity, the limit e —► 0 ensures that there are no other singularities inside 
the circle \z — a\ = e. If f(z ) is analytic at z = a, the integral vanishes for sufficiently small e 
by Cauchy's theorem. 
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Week 8: Meromorphic Functions/Residues 


22. Meromorphic functions, residue theorem 

23. Improper integrals, evaluation of integrals involving rational functions 

24. Meromorphic partial fractions 


Magnus Goste Mittag-Leffler (1846-1927) 
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Meromorphic Functions 


Definition: A function f(z ) is meromorphic in the domain D if at every point of D it is either 
analytic or has a pole. 

• Clearly, a meromorphic function has zeros and (isolated) poles but no other singularities. 

• We have seen that an entire (analytic everywhere) function can be expanded into an infinite 
Taylor series. In this sense an entire function is like an infinite polynomial — it has zeros but 
no poles. Typical entire functions are cosz and sin 2 . A meromorphic function, such as cot 2 , 
can always be written as the ratio of two entire functions — its zeros are the zeros of the 
numerator and its poles are the zeros of the denominator. Thus 

cos ~ 

cot z = - 

sin z_ _ 

In this sense a meromorhic function is a generalization of a rational function allowing for 
infinite polynomials in the numerator and denominator and thus an infinite number of zeros 
and poles. 

Exercise: Find all of the zeros and poles of the meromorphic functions cot z and tan 2 . 
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Residue Theorem 


Theorem 61 (Residue Theorem) 

If r is a simple closed contour and f(z ) is analytic inside and on r except at the isolated 
points zi, Z 2 ,.. •, z m inside r then 

r m 

f f(z)dz = 1m R es(f] z k ) 

Jr k= 1 


Proof: Let C k be small circles about each isolated singularity z = z k so that on C k we have 
the Laurent expansion 


OO 

f(z)= Y a n\z~Z k ) n 
n= — oo 

Then by deformation of contours 



m 

= 27 ™ Y Res (/; z k) 

k— 1 


The term-by-term integration is justified by the uniform convergence of the Laurent expan¬ 
sions. ■ 
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Residue Theory and Integrals 


Residue theory can be used to evaluate many types of integrals. For example, 



where U(x,y) is a continuous real rational function on [0,27r] 


Example: Evaluate 


I = 


dt 


_ 1 


■2tt dt 


X) 2 — cos t 


0 2 — cos t 


Solution: Let z = e lt so that dz — ie lt dt — izdt and dt — dz/iz. Then cost = ^(z + z ■*■) and 

1 dz —2 [ dz 


-1 


21 = 


|=1 2 — i(z + z -1 ) iz 


l J\z 


1=1 z 2 - 4z + 1 


The integrand has simple poles at z± = 2 ± 73 but only z_ lies inside the unit circle with 
residue 

1 


Res(z_) — lim 




(z - Z-) 1 

— Inn 


- (z — z-)(z — z+) z ^ z -(z — z _|_) 2v / 3 


Hence 


-2 / 1 \ 2t r 

2I = —2m( - ) = 

Z\ o/ yo 


=> I = 


7r 


73 
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Improper Integrals 


Definition: If f(x) is continuous over [a, oo), its improper integral is defined by 



provided this limit exists. If f(x) is continuous on ( —oo,oo) we define the double improper 
integral 



provided both limits exist. If these limits exist then 

/ oo rR 

f(x)dx := lim / f(x)d 

-oo R,R r —> oo J —R' 

independent of how the limit is taken. 


x 


• The (Cauchy) principle value of the integral is defined by 



provided this limit exists. If the double improper integral exists it must equal its principal 
value, but the principal value integral can exist when the double integral does not exist. 
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Examples: Improper Integrals 


roc 

Example: Evaluate the improper integral 

Jo 


e 2X dx : 


*oo 


r 0 


e 2X dx 


lim [ e 2x dx = lim 

R —kx) ./O R — >oo 

e ~2R y 

2 ^ 2 . 


,—2x 


= lim 

R—?oc 


_ 1 
— 2 


R 


0 


/ oo 

xdx 

-oo 


*oo 

PV / xdx — lim 

-oo R—^oo 


*R 

x dx — lim 

R R^ oo 


r x 2_l ^ 


R 


lim 0 

R—> oo 


/ oo 

xdx does not exist. 

-OO 











Improper Integrals and Residues 


Lemma 62 Let Cr be the semi-circular contour in the upper-half plane from z — R to 
z = -R. If 


then 


1 / 0)1 < —2 


z\ large 


lim 

[ f(z)dz 

= 0 

R—> oo 

■>c R 



Proof: We bound the integral 

K 


'c R 


f(z)dz 


K 


< -^Length (C R ) = -^tt R 


Kir 

-^0 as i^^oo ■ 

R 
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Principal Value Integrals 


Theorem 63 (Principal Value Integrals) 

Let f(z) — P(z)/Q(z) be rational and analytic on the real axis so it is analytic in the upper 
half plane except at isolated poles. If in addition 


degree Q > 2 + degree P 

so that f(z) satisfies the previous lemma, then residue theory can be used to evaluate the 
principal value integral 



lim j f(x)dx — lim <jj f(z)dz 
R —xx) J — R R —xx) JV p v 

m 

2ni Res(f ; Z k ) 

k= 1 


by closing the contour in the upper half plane and summing over residues. 
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A Principal Value Integral 


Example: Use the previous theorem to compute the principal value integral 


I = PV 


*°° x 2 dx 


—oo (x 2 -|- 1) 


Solution: The integrand f(z ) = P(z)/Q(z) is rational with degreeP = 2, degreeQ = 4 and 
double poles at z = ±i. The previous theorem therefore applies. The residue at z — i is 


Res(/; i) = lim. -^-[(z - i) 2 /0)] = lim. J- 

z-+i dz z—*i dz 


z 2 1 

— 1 i m 

- 2z 

2^ 2 ' 

X z + 0 2 - 

- 1 1 1 1 1 

z^i 

-O + i ) 2 

0 + O 3 - 


_ 2 i 2 _ 1 

Ai 2 8 i 2, 4 i 


Therefore 


1 7T 

f(z)dz = 2ni — = — for all R > 1 
r R 4i 2 


and so 


lim 

B—>oc Jr 


f(z)dz = lim 




R—>oo 1 J — R 


‘R 


f(x)dx + / f(z)dz 

■' C R 


•OO 77 

f(x)dx = - 

—oo 2 


The previous lemma applies since, for 2 > y/2, we have using the triangle inequality 

Z 2 +l > 


-1 


-1 > 


1/001 = 


z 

2 


2 - ±\ z \ 2 = i \z\ 2 and so 


(^ 2 + l ) 2 


z 


z 2 + 1 


< 


z 


< 


2 - (^M 2 ) 2 - 


Note that in these cases the double improper integral exists so that 


PV 


‘°° x 2 dx 


*°° x 2 dx 


r -oo (x 2 + l) 2 J -00 (x 2 + 1) 


= 2 


00 x 2 dx 


f 0 (x 2 + 1) 


7 r 
2 
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Meromorphic Partial Fractions 


• It is often useful to expand rational functions into a finite number of partial fractions. For 
example 

2z _ 1 1 

l-z 2 — 1 -z - 1+ z 

Similarly, meromorphic functions can be expanded into an infinite number of partial fractions. 


Exercise: Establish the partial fraction expansions of the following meromorphic functions 

1 00 i 

7r cot 7TZ = - + 2z V —^ 5 

z 1 z z — n z 

n= 1 


7 r cosec 7tz 


IT sec 7 TZ 


it tan 7 tz 


7T tanh 7tz 


7 T COth 7 TZ 


1 , 9 ^ (- 1 ) 
- + 2z 2^ 


n 


oo 


E 


n= 1 

,71—1 


z 2 — n 2 


( —l) n 1 (2 n — 


77=1 ( 


2^1)2 _ z 2 



oo 

2 ^E 


77=1 


1 


( 22 ^ 1)2 _ z 2 


oo 

2*E 


77=1 


1 

( z 2 + 22 ^ 1)2 


- + 2z E 

Z -1 

77=1 


oo 


zfi z 2 + n 2 
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Partial Fraction Expansions 


Theorem 64 (Partial Fraction Expansions) 

Suppose f(z ) is analytic at z — 0 and meromorphic in C with simple poles at z — a±,a 2 ,03 ... 
arranged in order of increasing modulus. Let 61 , 62 , 63 ,... be the residues of f(z) at z — 
a\, < 12 ,03 .... Suppose further that 


\Kz)\<M , 


on circles C 


N 


z 


= R 


N 


00 as TV —► 00 


where the circles do not pass through any poles and M is independent of N. Then 
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Proof of Partial Fraction Expansions 


Proof: Consider F(z) = 


f(z) 


with residues 


z — w 

Res (F;an) = lim (z - a n ) =——— 

z ^ a n Z ~ W a n — w 


Res (F]w) = lim(z — w) 


Z—>W 


/0) 


z — w 


= /O) 


So using the residue theorem and subtracting 

1 r f(z)dz 


27ri /c^v z — w 

1 r f(z)dz 
2iri JC N z 


— /O) + 


= /(o) + 


E 


'n 


poles a n in Cat 


E a 

poles a n in C N an 


a n — w 


'n 


/(»-/( o) + 


f n 


f n 


w f f(z)dz 


poles a n in Cn 


a n — w a n J 2.7xi Jc N z(z — w ) 


where 


f(z)dz 
r C N z(z — w) 


< 


27VRjy M 


Rn(Rn - M) 


0 as N — > oo 


so the result follows provided the series converges. 
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Partial Fraction Expansion of cot 7 tz 


Example: Show that 



Solution: The meromorphic function f(z) = ncotirz -has simple poles at z — a n — n — 

z 

±1,±2 ,... with residues 


b n — lim (z — n)[ 

z^n \ 


TXZ COS TXZ — Sin TXZ 


= lim 

z ^ n sin ixz 


( z — n ) txz COS jxz — sin 7XZ 


= 1 


£ sin ixz 

By I'Hopital, f(z) has a removable singularity at z = 0 




lim 7x cot ixz -= lim 


z^O 

lim 

z^O 


-0 


TXZ COS TXZ — Sin TXZ 
z sin txz 


7X COS TXZ — 7X Z SI n TXZ — TX COS TXZ 
si n TXZ + TXZ COS TXZ 


/ TX ZS\f\TXZ 

= — lim —- 

z—>o Vsin TXZ + TXZ cos TXZ. 


— — lim 


tx sin TXZ 


z^o Vsin txz/ z + tx cos txz. 


= o = /co) 


The circles Cjy of the previous theorem can be replaced with the squares r/v with vertices at 


N 


z = (N + i)(±l ± i) on which we can show 


COt7T2:| < M — COth(7r/2), 


independent of N 


The required result then follows as in the previous theorem. ■ 
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Bound on Squares F N 


Let r N be the square with vertices at z — (N + |)(±1 ± i ). 
Then on r N 

cot7r z | < M — coth(7r/2), independent of N 
(i) If z — x + iy and y > ^ or y < —j respectively 

3 27 t iz _|_ ^ 


COt 7TZ 


cot 7TZ 


e 27riz _ 

e 2niz + 1 

e 27TlZ _ 


e -27ry + ]_ 1 + e -71 ' , , N 

< —=-<-— coth(7t/2) 


< 


e -27ry _ i 
e -2Tiy _|_ ]_ 


1 — e 


-7 T 


1 + e 27r ^ 1 + e _7r 

< 


2-rry _i i _ e 2iry - 1 _ e - 


-7T 


(ii) If x = ±(7V + j) and —5 < y < \ then 

COt 7T z | = I COt(±7r/2 + 7rir/)| = | tanh 7ry| < tanh(7r/2) <COth(7r/2) 


Hence 


f f(z)dz 

4(2N+1)M 

Jr N z(z — w) 

" (N + ±)(N + ±- w\) 


0, N 00 



The Contour r^: 

(showing poles of 
cot 7 xz) 
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Alternative Partial Fraction Expansion of cot 7 r z 


Example: Establish the alternative form 


7 T 


COt 7 TZ — h Y 


oo 


1 1 \ 1 „ 
+ -) = - + 2 *Y 


z \z — n n/ z 1 z 2 — n 2 

717=0 71=1 


Solution: The second form follows after rearranging the series 


7 T COt 7 TZ = —|- lim 

£ TV—>oo 


E 


TV 


n ——TV 
TV 


= -+ lim V 

z TV^oo i \z — n z + n, 

2=1 1 


z — n n 


1 1 
+ 


+ r + E 




77=1 


z — n nJ J 


oo 


= 5+ E 


2 z 


77 : 


_ 2 2 

77=1 


This is allowed because the double series is absolutely (and uniformly) convergent in 
by the Weierstrass M-test 

R 2 R 


z 


< R 


z — n n 


z 


n(n — z ) 


< 


n(n — R ) 


< 2 
n^ 


— M n , n > 2R 


1 00 1 

since = 2 ^ — isa convergent harmonic series. 


777^=0 


n* 


77=1 


in* 
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Infinite Product Form of sin^z 


Example: Integrate the partial fraction expansion of ncotnz term-by-term to obtain the 
infinite product 



Solution: Since the partial fraction expansion converges absolutely and uniformly we can 
integrate term-by-term 


(X) 


7T cot 1XZ — = y 

Z “ 


2 z 


n =1 


2 2 
Z^ — n^ 


sin?rz 00 z 2 00 z 2 

Log-= ]T Log(l- ■=) = Log n (1- 

7rz 1 n^ 

71=1 71=1 


where the constant of integration vanishes. The result follows by taking exponentials. ■ 
• Putting z = ^ in the infinite product gives the Wallis product 


7T 

2 n 2 n 

2 

2 

4 

4 

6 

6 

2 

^ K 2 n — 1 2 n + 1 

71=1 1 

1 

3 

3 

5 

5 

7 


• The corresponding infinite product for cosine is 
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Week 9: Residue Calculus 


25. Evaluation of integrals involving trigonometric functions 

26. Evaluation of integrals using indented contours 

27. Summation of series using the residue calculus 


Augustin Louis Cauchy (1789-1857) 



W AUGUSTIN 
3 CAUCHY 
C- i789-iSJ7 


3,60 

m RAJEWICZ 


Photographs © MacTutor Mathematics Archive (http://www-history.mcs.st-andrews.ac.uk) 
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Residues and Trigonometric Integrals 


Residue theory can be used to evaluate many types of integrals. For example, 



where U(x,y) is a continuous real rational function of x,y on [-1,1] x [—1,1] 


Example: Evaluate 


I = 


dt 


_ 1 


■2 tt dt 


X) 2 — cos t 


0 2 — cos t 


Solution: Let z = e lt so that dz — ie lt dt — izdt and dt — dz/iz. Then cost = ^(z + z ■*■) and 

1 dz —2 [ dz 


-1 


21 = 


|=1 2 — i(z + z -1 ) iz 


l J\z 


1=1 z 2 - 4z + 1 


The integrand has simple poles at z± = 2 ± 73 but only z_ lies inside the unit circle with 
residue 

1 


Res(z_) — lim 




(z - Z-) 1 

— Inn 


- (z — z-)(z — z+) z ^ z -(z — z _|_) 2v / 3 


Hence 


-2 / 1 \ 2t r 

2I = —2m( - ) = 

Z\ o/ yo 


=> I = 


7r 


73 
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A Trigonometric Integral by Residues 


r 27r dO 

Example: Evaluate the integral I = / - : 

Jo 3 - 2 cos 0 

This integral was evaluated previously using the 
Cauchy integral formula. 



Let z = e l9 so that z\9) — ie l6 = iz and dO = —idz/z. Then 

_ [ 2jr dO _ . r dz 

Jo 3 —2 cos 0 1 J\z\ 

dz 


= 1 z(3 - z - z~ x ) 

dz 


— 1 $ - — 1 r 

\z | = 1 z 2 - — 3z + 1 J\z\=l (z — z_|_)(z — z—) 


where z± = (3 ± V5)/2 = 2.618.., 0.381.. So setting 


which is analytic inside 


I = i 


z 


f(z) = (z-z + r 1 

= 1, we have by the Cauchy integral formula 


f(z)dz 


— (i)(27rz)/0_) = 


2n 


2tt 


\z\ = l (z — z—) y 

We obtain the same result using residue calculus and summing over the poles inside 


= 1 


I = (i)(27ri)^Resf-T^— 

\\ Z Z ~) 


• z k^j = (*)(2t ri)f(z-) = 


2tt 

V5 
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Another Trigonometric Integral 


Exercise: For real p^ ±1, evaluate the real definite trigonometric integral 



Solution: Let z = e lt so that dz = ie lt dt — izdt and dt — dz/iz. Then cost = i (z + z 1 ) and 


I = 


dz 


dz 


| = 1 iz[ 1 +p 2 - p(z + |)] p J\z | = 1 (z —p)(z — |) 


There are now two situations to consider: 

(i) |p| > 1: In this case there is a simple pole inside 
theorem 

i /1\ 27r 1 

I = -27riRes — I =-— 


z 


= 1 at z = 1/p. So by the residue 


27r 


P p p~P p2 ~ 1 

(ii) |p| < 1: In this case there is a simple pole at z = p so 

27r 


r t / x 27rl 

I — — 27rz Res(p) = 


P P P~\ 1 ~P 2 

(Mi) if |p| = l, that is, p — ±1, the integral does not exist since there is a pole on the contour 
of integration. 

• The above results can be combined into the single formula 

* 2?r dt 27r . _ 

when p 7 ^ ±1 ■ 


f o 1 — 2 p cos t + p< 


1 — p‘ 
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Uniformity on an Arc 


Definition: (Uniformity on an Arc) If along a circular arc of radius R, \f(z)\ < Mr where 
M r does not depend on (the polar angle) 8, and M R —► 0 as R —► oo (or R —> 0) we say that 
f(z) tends uniformly to zero on Cr — {z : \z\ — R} as R — ► oo (or R — > 0). 


Example: Consider the function 


/oo = 


z 2 +1 


on Cr = (z : |z| = f?} 


We deduce that 


f? 


I/(*)I < 


f? 2 - l’ 
R 


R > 1 


i? < 1 


ll - f? 2 ’ 

It follows that f(z ) tends uniformly to zero when either f? 


oo or f? —> 0 


• In general any rational function whose denominator is of higher degree than the numerator 
tends uniformly to zero as R—> oo. 

• The polar angle can be restricted to a closed interval 8q < 8 < 8q + a. We then require 


Mr = max \f(z)\ ^0 as R 

z =RpiO 

0o<0<9 o -\-a 


OO 


9-4 











Limiting Contours I 


Theorem 65 (Limiting Contours I) If on C R , zf(z ) tends uniformly to zero as R —> oo then 



on the circular arc of radius R subtending an angle a at the origin 


Cr = {z: 



Oq < o < 6 q + a:} 


Proof: We have 


zf(z)\ — R\f(z)\ < M r 


where M R is independent of 0 and M R — > 0 as R —oo. It follows that 


0 < 


'c 


f(z) dz 


R 


< 


\f(z)\\dz\ < ^ f \dz\ = aM R ^0 as 

Cr K JCr 


since on C Rt z = Re l °, dz = Rie l0 d6 } and hence 




oo 
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Limiting Contours II — Jordan’s Lemma 

Theorem 66 (Jordan’s Lemma) If f(z ) tends uniformly to zero on C R = {z : z = Re 10 , 
0 < Oq < 0 < Oi < 7r} as oc then for k > 0; 


lim 

/ c 

, ikz f(z) 

dz - 

= 0 

Cr 

in 

1st, 

2nd 

quadrants 

R—rOO 

JCr 







lim j 

( e~ 

ikz f(z ) 

dz - 

= 0 

Cr 

in 

3rd, 

4th 

quadrants 

R—> oo J 

Cr 







lim 

( 

e kz f(z ) 

dz - 

= 0 

Cr 

in 

2nd, 

3rd 

quadrants 

R—>oo JC R 







lim 

/ 6 

~ kz f{z) 

dz - 

= 0 

Cr 

in 

1st, 

4th 

quadrants 

-R—KX) 

JCr 








Proof: We prove the first case. The other cases are similar. Note that on C R 


\dz\ = RdO and \f(z)\<M R 


It follows that 


0 < 


L e ikz f(z)dz < f \e lkz \\f(z)\\dz\ < RM r 
JCr JC r JO o 


e ~kRs\r\ 6 d Q 


< 


< 


RM r r e~ kRsine d6 = 2 RM r T /2 e~ kRs]ne d6 
Jo Jo 


2RM r r /2 e~ 2kRd/ ' K do = 

Jo k 


— e 


-kR 


) 


0 as R 


oo 


Here we used sin(^ — 0) = sin(^ + 0) and the inequality sin 0 > 29/it for 0 < 6 < n/2. 
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Limiting Contours III 


Theorem 67 (Limiting Contours III) If on a circular arc C r of radius r and centre a, 
| (z - a)f(z) | tends uniformly to zero as r ^ 0 then 

lim /', / (z) dz = 0 

0 JC r 


Proof: On C r — {z \ z — a — re l ° , Oq < 0 < Oq + a} we have 


10 - a )/0)l = r\f(z)\ < Mr 


where M r —► 0 as r —► 0. It follows that 


'C r 

which gives the required result. 


/O) dz 


< 


M 


r 


j \dz\ = OiM r 

t/ 
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Limiting Contours IV 


Theorem 68 (Limiting Contours IV) If f(z) has a simple pole at z — a with residue Res(a) 
and if C r is a circular arc of radius r and centre a subtending an angle a at z = a then 



Proof: The Laurent series for f(z) can be expressed as 



Res(a) 

z — a 


+ 


where <f>(z) is analytic at z — a. We then have 


j c /(*) dz = j ^ dz + J 4>( z ) dz 

J Uf J Uf /C LL J y 1 

The second integral vanishes as r —> 0 from previous theorem (since 4>(z) is bounded at 
2; = a). Furthermore, on C r , we can write 


Z — a-\- re l ° where Oq < 0 < Oq + a 


It then follows that 



Res(a) 
- dz — 


z — a 


Res(a) 


‘$0+^ ire 


iO 


^0 


re 


i6 


dO = ioL Res(a) ■ 


• Warning: This theorem only applies to the case of simple poles! 
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Fourier Example 


Exercise: Evaluate the Fourier integral 


I — f e^ x (a 2 + x 2 ) 1 dx , 

a > 0 , k E K. 

J—oo 



Solution: The function f(z ) = (a 2 + z 2 ) 1 has simple poles at z — ± ia. 

(i) k > 0: Close the contour in the upper half plane. Provided R> a, we have 


e ikz f(z ) cfe 


'C* 


< 


a 2 + z 2 | 1 |dz| < ( R 2 — a 2 ) 1 




since 




Cr 

= 7rR(R 2 — a 2 ) -1 — * 0 as 7? —> oo 
e ik(x-\-iy) | _ e -fcy < i jn the upper half plane. It follows that 


| dz\ 


Akz 


z + ia 


f e ikx (a 2 x 2 ) 1 dx = 2ni Res(e^ z f(z)] ia) = 2ixi 

J—oo 

(ii) k < 0: Closing the contour in the lower half plane gives 

oo . . pikz 

e lkx (a 2 + x 2 ) -1 dx = —2rriRes(e Lkz f( < z)' 1 —ia) = —2ir i -— 

-oo z — ia 

(iii) The two results combine into the single result 

[°° e ikx (a 2 + x 2 )- 1 dx = -e~\ k \ a ■ 

J—oo a 


z—ia 


= -e~ ka 
a 


z=—ia 


= — e ka 
a 


—oo a 

Notice that taking real and imaginary parts gives 


r C f (kX l = - e-M“, 

J—oo a z + x z a 


sin(/cx) 

■oo a 2 -|- x 2 


dx — 0 
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Indented Contours I 


Example: Consider the contour integrals 



where C is the standard upper-half-plane contour indented by a small semi-circle C r around 
the singularity at z = 0. Since f(z ) = e lz jz is analytic inside C, Cauchy's theorem gives 


,IZ 


0 = 


} C z 


dz — 


•— J* gix 


-R x 
„iz 


dx + 


e lz rR e lx 


xz 


dz + / - — dx + / - — dz 

'C r Z Jr X JC R Z 


By Jordan’s Lemma lim 

R—> oo JC R z 

Similarly, from the previous theorem 


dz — 0 


JIZ 


lim 

r^O JC r 


z 


dz = —in Res(0) = — 


Z7T 



where the negative sign comes from the fact that C r is traversed clockwise. It follows that 


lim 


r^O, R^oo I J—R X 


r (d x rR (d x | r oo ^} x 

— dx + / — dx > = p I — dx = iix 


'r X 


—oo X 


where the limit defines the Cauchy principal value. Equating real and imaginary parts gives 

•oo sinx 


•oo cosx 

p I - dx — 0, 

oo X 


•oo smx 

p I - dx = 

-oo X 


dx — 7T 


-oo X 


The integral I is a conditionally (not absolutely) convergent improper integral 
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Conditionally Convergent Improper Integrals 


Theorem 69 (Conditionally Convergent Improper Integrals) 

If /( x) has a bounded primitive 

\F(x)\ < K < oo, x > a > 0 


then 



converges for p > 0 


Proof: Integration by parts gives 

F(x) R 


f R f (x) 

11 m / - dx — 

R—> oo J a xP 


lim 

R—too xP 


a 


[R F 

+ lim p - 

R^ oo Ja X 


F(x) 

P+1 


dx — 


F(a) 

dP 


+ P f 
Ja 


oo 


F{x) 


dx 


where the last improper integral is absolutely convergent by comparison with 

Ja 

Example: The integral / 

J c 


a xP + 1 

00 dx 


P+1 


00 sin x 


dx — ^ 


s\r\x 


dx is a convergent improper integral. 


—oo X 


F(x) — J f(x) dx — J Sin x dx = — COS x, l^(^) | + 1 , x > a > 0 


So 


sin x 


0 x 


dx — 


r+[ 

Jo Ja 


00 sin x 


dx 


a X 


The first integral exists as a Riemann integral and the second is a convergent improper 
integral by the theorem. ■ 
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Indented Contours II 


Example: Evaluate the contour integral 



where C is the standard upper-half-plane contour indented by small semi-circles around the 
singularities at z — ±n/2. 



Solution: Following essentially the same steps as in the previous example 


0 = p 


*oo 


,IX 


dx 


— oo tP~ — 4x 2 

Equating real parts gives 

P 


— 17T 


Res ( -£) + Res 


*oo 


,IX 


dx 


= P 


—oo — 4-x^ 


— 17T 


4-7t 4i r. 


*oo 


COS X 


— OO 7T^ — 4x^ 


oo 


dx — 


dx 


*00 COS x 1 

—- -dx = — 

—00 7 \ — 4 x ^ 2 


The Cauchy principal value of pj 

J — 00 7T Z — 4x z 

fails to exist due to divergences at x = ±tt/2. 


must be retained since otherwise the integral 


• The technique of indented contours only works for simple poles on the real axis! For higher 
order poles the Cauchy principal values do not exist. 
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Series and Residues 


Theorem 70 (Summing Series) 

Residue theory can be used to sum the following types of series: 


OO 


E /( n ) — “ E Res(ir cot irz f(z); zj) 

poles zj of f(z) 


71— — OO 


OO 


E ( -1 ) n /( n ) = - E Res(n esc nz f(z)\ Zj) 

poles Zj of f(z) 


n ——oo 

OO 

E / 

71= —OO 


2 n+ 1 


oo 


E (-D n / 


2 n + 1 


71 = — OO 


E Res( - 7r tan 7TZ f(zy.zj) 

poles Zj of f(z) 

^2 Res(7rsec7rz f(z)\ zj) 

poles Zj of f(z) 


































-1 


N 

1 C 

) 1 

L N 

A 













r N 















7V+1 


where the residues are summed only over the poles zj of f(z). 
The methods apply provided f(z ) is analytic except at isolated 


The Contour 

(showing poles of 
cot ixz) 


poles (zj £ Z) and decays sufficiently rapidly as \z\ 
example, \f(z)\ <K/\z\ 2 . 


oo, for 
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Summing 


: Proof 


Proof: We consider just the first type. The function F(z ) = ircotirz f(z) has simple poles 
at z — ti £ Z with residues 

Res (F]n) = Jim (z — ti)tt COt ttz f(z) 

Z ^ it 

.. ( z ~ n ) tr \ £f \ 

= lim - ir COSnz f(z) = f(n) 

z ^ n sinwz 

Let r N be the square with vertices at z — (N + |)(±1 ± 0 - Then on r^v 

cot7r z | < M — coth(7r/2), independent of N 
(i) If z — x + iy and y> 5 or y < -5 respectively 

-,2iriz _|_ 1 


COt 7 TZ 


,2rciz _ 


e -2ny +1 1 + e -7T 

<---<-— = coth(7r/2) 


1 — e 


COt TTZ 


,2t:iz 


+ 1 


< 


e 2rciz _ ]_ 

(ii) If x — ±(N + j) and —^ < y < 5 then 


>-27Ty _ ]_ 
e ~2ny _|_ ]_ 

-27ry _ 1 _ 1 _ e 27ry - ]_ _ e -7r 


1 + e 2n y 1 + e 
< 


-7 T 


cot ttz \ = | cot(±7r/2 + 7 r^)| = | tanh 7ry\ <tanh( 7 r/ 2 ) <coth( 7 r/ 2 ) 


Hence, since 2 >iV on r 


N 


j) 7 T COt TTZ f(z)dz 

N 


ttMK 

- ~FP- (SN + 4) 


0 as N —> 00 
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Summing Series: Proof (Continued) 


Therefore by the residue theorem 



lim $ 7rcot itz f (z)dz = 

n^oo Jr N 

d 


I] Res( 7T COt 7TZ /(*)) 

poles of F(z) 


N 


= lim ^2 f(n)+ Y Res(n COt nzf(zy,Zj) 
”^ 00 n=—N poles Zj of f(z) 

oo 

— Y /( n ) + Y Res(?rCOt7 rzf(z)]Zj) 

n= — oo poles Zj Of f(z) 


provided the double series converges. ■ 
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Summing Example 


Example: Show that for a > 0, 


OO 1 

E 

n^ + a j 

n =—oo 1 


7r 


= — coth 7ra : 


a 


The series is absolutely convergent for a > 0. Let f(z ) = 
The residues of 


z 2 + a 2 


with simple poles at z = ± ai 


F(z) = 7T cot 7TZ f(z) = 


7 T cot 7 TZ 
z 2 + a 2 


at 2 = ±az are then 


Res(T; ai) = lim 


(z — ai)7r COt 7rz 7r COt nai 


7T 


(z + ai)(z — ai) 2 ai 

(* + a7)7TCOt7T2: 7TCOt7raZ 


Res(T;-ai) = lim . . . 

z^-ai (z + ai)(z — ai) 

Hence, by the previous theorem, 


2a 

7T 


COth ixa 


2ai 


2 a 


COth 7ra 


OO 

n 2 _i_ q . 

n =-oo 11 ' a 


E 


7T 


Res(7r cot 7rz/(z); Zj) = — coth7ra 


poles of f(z) 


a 


OO OO 

Example: Sum the series ^ ^ as the limit a — ► 0 of the series ^ 


71= 1 


tv 


^ n 2 + a 2 

71=1 1 


The second series is absolutely and uniformly convergent for 0 < a < R < oo by the Weierstrass 
M-test. Using uniform convergence, continuity and I’Hopital's rule 


oo 


OO 1 

= lin l E 

71=1 


I 

= lim i 


rt‘ 


a^o n=1 n 2 a 2 a^o 2 [ n __ oo n 2 + a 2 a 2 . 


OO 


E 


= lim 

a^O 


7ra COth 7ra — 1 
2 a 2 


7T 
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Week 10: Applications/Cauchy Theorems 


28. Gauss mean value theorem, maximum modulus principle, applications to harmonic functions 

29. Liouville’s theorem, the fundamental theorem of algebra 

30. The identity theorem with a brief discussion of analytic continuation 


Carl Friedrich Gauss (1777-1855) 


Joseph Liouville (1809-1882) 




Photographs © MacTutor Mathematics Archive (http://www-history.mcs.st-andrews.ac.uk) 
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Maximum Modulus Principle 


Lemma 71 (Gauss Mean Value Theorem) If f(z ) is analytic inside and on the circle C 
given by \z — a\— r, then the mean of f(z) on C is f(a) 



Proof: On C, z = a-\-re lt , z'(t) =ire lt . So by Cauchy's integral formula 


_ • 


/(a) = 


f(z) 


27 xi JC z — a 


dz = 


27 xi JO 


f(a + re^ire^ 1 

- dt = 


‘27T 


/(a + re it )dt 


re 


it 


27r Jo 


Theorem 72 (Maximum Modulus Principle) 

If f(z ) is analytic in and on a simple closed curve r, then the maximum value of \f(z)\ 
occurs on r unless f(z ) is constant. 


Proof: By the Gauss mean value theorem on 


z — a 




1 *2.71 

<— f | f(a + re u )\dt (*) 

27 r JO 

Proceed by contradiction. Suppose maximum is |/(a)| for a inside r so that, on some circle 
C about a and inside T, \f(a + re lt )\ < |/(a)| and (if f(z) is not constant) 

I f(a + re lt )\ < |/(a)|, for some t 

Then, by continuity, this holds in some interval t\ < t < £2 and so the mean value satisfies 


l/(o)l = 


*Z7T 


/(a + re it )dt 


2i r Jo 


rL \fO + re lt )\dt < |/(a)| 
?7T JO 


27t Jo 

which contradicts (*). Hence either f(z ) is constant or the maximum occurs on r. 
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Application of Maximum Modulus 


Example: Let f(z) — e z fz. Find the point where \f(z)\ takes its maximum on the annulus 
\ < \z\ < 1 and find its value. 

Solution: By the maximum modulus principle, the maximium must occur on the boundary 
of the annulus which consists of the inner and outer circles: 



For 2 = re l ° on this boundary we have 

r COS 9 

1 / 0)1 =-, r = 1 

rjn - 



The maximum thus occurs when cos 6 = 1 or 0 = 0. But now 


i/coi = 


2^/e ~ 3.3, r — 0 


2.7, 


r — 1, 0 — 


0 

0 


so the maximum value \f(z)\ — 2^/e occurs at z = ^. 


Exercise: If f(z ) = e z /z, find the minimum of \f(z)\ on the annulus ^ < 
the maximum of \g(z)\ with g(z) — 1 /f(z) = ze~ z .) ■ 



< 1 . 


(Hint: Find 


Exercise: Let f(z ) = 1/z. Find the point or points where \f(z)\ takes its maximum and 
minimum values on the annulus 1 < z\ < 2. ■ 
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Liouville’s Theorem 


Lemma 73 (Cauchy’s Inequality) 

If f (z) is analytic inside and on the circle C given by \z — a 


— r and | f(z)\ < M on C, then 


l/ (n +)l < 


M n\ 

r n ’ 


n — 0,1,2, 


Proof: On C we have 2 = a + re zt and z\t) — ire lt . So using Cauchy’s integral formula 


_ • 


f (n \a) | = 


n\ f 


/oo 


dz 


27ri Jc (z — a) n ~f^ 

f(a + re^) zre^ 


< 


n! 


‘27T 


27t ^0 


/(*) 




z'(t) 


dt 


n\ 

27r Vo 


>n+l P (n+l)i£ 


dt < 


M n\ 


,n 


Theorem 74 (Liouville’s Theorem) If f(z) is entire and bounded \f(z)\ < M in C, then 
f(z) is constant. 


Proof: By Cauchy’s inequality with n— 1 


l/'OOl < 


M 


Letting r —> 00 , we find f'(z) — 0 and so f(z ) is constant since C is connected 


Note that for this theorem to apply f(z ) must be bounded as 




00 . 
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Application of Liouville’s Theorem 


Example: Prove the identity 


sin(z + u) sin (z — u) sin(i; + w) s\n(v — w) — sin(z + w) sin (z — w ) sin(i; + u) sin(i; 
= sin(z + v) sin(z — v) sin(it + w) sin(it — w), z,u,v,w(EC 

Solution: View the LHS and RHS as functions of z and show 

LHS 


— u) 


RHS 


= {entire and bounded}, 


u 7 ^ zb w + /c7T, k G 


The RHS vanishes when z — ±v -\- kit, k G Z. Setting z — ±v -\- kir in the LHS gives 

sin(zbt; + u) sin(zbt; — u) sin(i; + w) sin(t; — w) — s\n(±v + w) sin(±i; — w) s\r\(v + u) s\n(v — u) = 0 

It follows that LHS/RHS is an entire function of z. But LHS/RHS is continuous, periodic in 
the real direction and bounded in the imaginary direction since 

sin (z + u ) 


/(*) = 


g 2 iz-\-iu e ~iu 


sin(z + v) e 


2iz-j-iv _ c —iv 


— bounded as z — ► zbioo 


lim |/0)| = 

Z^±lOC 


e 
,=F iu 




IV 


< e^+M = M 


It follows that LHS/RHS is bounded. Since LHS/RHS is entire and bounded, it follows by 
Liouville’s theorem that it is constant. Setting z = w we find 

LHS 


RHS 


= 1 


Exercise: Prove this identity algebraically. ■ 

Exercise: Use Liouville’s theorem to prove the identity 

sin v sin (w — v) — sin u sin (w — u) — s\n(v — u) sin (it; — u — v) ■ 
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Fundamental Theorem of Algebra 


Theorem 75 (Fundamental Theorem of Algebra) 

Every polynomial equation of degree n > 1 

Pn(z) a n z n + a n —\z n 1 + • • • + a, 2 Z + a\z + ag — 0, ag, ai, •. •, a n G C 

with a n 7 ^ 0 /ias exactly n roots (solutions) counted according to multiplicity. 

Proof: (i) First we show that there exists at least one root. Proceed by contradiction. 
Suppose P n (z) — 0 has no root, then f(z) — —— is entire. Moreover, since 

PnyZ) 

lim \f(z)\ = 0 

| Z | —>oo 

f(z) is bounded on C. So, by Liouville's theorem, f(z ) and P n (z ) are constant. But this is a 
contradiction. We conclude that P n (z ) = 0 must have at least one root. 

(ii) Suppose z — z\ is a root of P n (z ) = 0. Then we apply polynomial division 
Pn(z) — P n (zi) — ( a n z n + a n —iz n '*' + ••• + a i z + ag) — ( a n Zi + a n —iz™ 1 + • • • + a i z i + c*o) 

= a n (.z n — Zi)-\-a n —i(z n — 0 ” ■*■) + ••• + ai(z — zi) 

= (z - zi)Q n _i(z) = Pn(z) 

where Q n _i(z) is a polynomial of degree n — 1. By iterating, P n (z) has exactly n roots. ■ 

• Note that the n roots need not be distinct. For example, the polynomial P 2 (z) = (z — l ) 2 
has a double root at z = 1 . 
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Factorization of Polynomials 


Corollary 76 (Factorization of Polynomials) 

Every polynomial of degree n > 1 

Pn(z) = a n z n + o n _iz n_1 + • • • + a 2 z 2 + a\z + ao 
with a n 7 ^ 0 factorizes into n complex linear factors 

Pn(z) = a n (z - zi)(z - Z 2 ) ■ ■ ■ (z - Zn ) 
where the n roots z-\_,z 2 , ■ ■ ■, z n of P n (z) satisfy 


n 


E = 

J = 1 


a n—l 


E 

i<j 


z iZj 


a n—2 


Z\Z 2 ...Zn — (-1) 


n 


a n Kj CL n 

Proof: Iterating the fundamental theorem of algebra gives 


a o 


Pn(z ) = (z - zi)Q n _i(z) = (z - zi)(z - z 2 )R n -2(z) = ••• = (z - Z]_)(z - z 2 ) ■ ■ ■ (z - Zn) 
where the polynomial Sq of degree zero is a constant. Expanding this polynomial gives 

Pn(z ) = a n z n + o n _iz n_1 +- a 2 z 2 + aiz + ao 


= S 0 


Z 


n 


— (Z\ + Z 2 + • • • + Zn)z n 1 + • • • + ( — P) n Z\Z 2 . . . Zn 


So equating coefficients we find a n = Sq and 


a n ~i — — So ( z\ + z 2 + • • • + z n ) 
a n —2 = Sq (z\Z 2 + Z1Z3 H- \- z n -iz n ) 


ao = (-l) n So ziz 2 ... z n 








Roots and Polynomials 


Example: If z 4 — 1 and 2^1 show that 1 + z + z 2 + z 3 — 0. 

Solution: The roots of z 4 — 1 = (z 2 — l)(z 2 + 1) = 0 are z = ±1, ±i. Hence 

Z 4 - 1 = (z - l)(z + 1 )(z - i)(z + i) 

But zj=- 1 so 

(z + l)(z — i)(z + i) = 0 => (z + l)(z 2 + 1) = 0 


= 0 


z 3 + z 2 + z+ 1 


= 0 


Corollary 77 (Roots in Z) 

Suppose ao, a \,..., a n e Z and P n (z) factors as 


Pn(z) = a n z n + a n _\z n 1 + • • • + a^z z + a\z + ao — (z — z\)(b n _\z n 1 + • • • + b\z + 6 q ) 

where and • • • ,b n ~i G Z. Then the integer root z\ must be an integer factor of 

ao = —z\bo- 

• This Corollary may yield integer roots of polynomials with integer coefficients: 

Example: Find the 3 roots of the cubic 

P 3 (z) = z 3 - z 2 - z- 2 = 0 

Solution: The factors of ao = -2 are ±1,±2 so try z = ±1,±2 

P 3 (2) — 8-4 —2-2 = 0 =4> (z — 2) is a factor 
P 3 (z) = (z — 2 )(z 2 + z + 1) by polynomial division 

1 , .V3 

-± l - 

2 2 


n— 1 


=> Z — 2, 
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Conjugate Roots and Quadratic Factors 


Corollary 78 (Conjugate Roots) Suppose ao, ai,..., a n G K anc/ 

Pn(z) — a n z n + ■*■ + ••• + a2^ 2 + aj_z + ag 

where z = z\ e C isa root P n {z i) = 0. Then z = z\ is also a root, that is, P n (z i) 


Proof: Taking the complex conjugate of P n (zi) = 0 gives 


— <2n^i + Ci n _iz 7 ^ 1 + * * * + (22^2 + CLiZi + ao 

<2?iTl + CL n —lZ i 1 + ' ' • + <22^1 + ai^i + ao = Pn(^l) 


0 

0 


Example: Expand into linear and quadratic factors the degree six polynomial 

P 6 0) = z 6 — z 5 — 3z 4 + z 3 + 3z 2 — z — 2 = 0 

Solution: Try z = ±1,±2 as roots: 

p 6 (—1) = p 6 (2) = 0 (z + 1), (z — 2) are factors 
Using polynomial division 

P 6 (z) = (z + l)(z 5 - 2z 4 - z 3 + 2z 2 + z - 2) — (z + 1)0 - 2)(z 4 - z 2 + 1) 

Solving the quadratic in w = z 2 gives the other roots 

z 2 = 1 = e ±7ri / 3 => z = ±e ±ni / 6 

2 

7TZ 7TX ,_ 

Hence, since e~6 + e ~~6 = 2 cos| = a/3, 

7T1 TCI 7Tl 7 Tl 

Pq(z) = (z + l)(z — 2)(z + e 6 )(z + e 6 )(z — e 6 )(z — e 6) 

= (2 + l)(z — 2)(z 2 + a/3 z + 1 )(z 2 — a/3 z +1) ■ 





Analytic Continuation 


Theorem 79 (Identity Theorem) 

If fi(z) and f 2 (z) are analytic in an open connected region R and fi(z) = f 2 (z) on some 
open neighbourhood of z, then fi(z) = f 2 (z) on R. 


• An analytic function in a connected region R is thus determined by its values on an 
arbitrarily small open neighbourhood in R. The proof derives from complex Taylor series and 
the result does not apply to real differentiable functions. 


Definition: Let fi(z) be analytic in the open connected region R^. Suppose (z) is analytic 
in the open connected region R 2 and fi(z) = f 2 (z) in Ri n R 2 . Then we say that f(z ) is an 
analytic continuation of fi(z) and analytic in the combined region R — RiUR 2 - 



z e R\ 
z e R 2 



It is sometimes impossible to extend a function analytically beyond the boundary of a region. 
This boundary is then called a natural boundary. 


oo 


Exercise: Show that f(z) = ^ z 2 has a singularity at each root of unity satisfying z 2 = 1. 

71 = 0 

Deduce that 2 = 1 is a natural boundary. ■ 
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Non-Uniqueness of Analytic Continuation 


Theorem 80 (Non-Uniqueness of Analytic Continuation) 

If an analytic function fi(z) in Ri is extended by two different paths to an open connected 
region R n , then the two analytic continuations are identical if no singularity lies between the 
two paths. If the two analytic continuations are different then a branch point lies between 
the two paths. 


• If the function fi(z) = Log z, analytic in \z — 1| < 1, is extended using Taylor series to the 
negative real axis by analytic continuation clockwise and anti-clockwise around the branch 
point at z = 0, then the two analytic continuations differ by 27 H. 

Exercise: Verify this using Ri : \z — 1| < 1, R 2 : \z - i\ < 1, R 3 : \z + 1| < 1 for the clockwise 
path and R r x : \z — 1| < 1, R! 2 : \z + i\ < 1, R' s : \z + 1| < 1 for the anti-clockwise path. ■ 


• There is no problem analytically continuing around a singularity in the form of a pole. 
Indeed, this is given by the Laurent expansion. Analytic continuation around poles is 
sometimes called meromorphic continuation. 


• We can now give a more precise definition of a branch point: 

Definition: If analytic continuation of the function f(z ) full circle around a point z — zq 
brings you back to a different branch, then z — zq is a branch point of the multi-valued 
function f(z). This is called non-trivial monodromy. Note that analytic continuation around 
a point on a branch cut always produces trivial monodromy. 
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Week 11: Conformal Transformations 


31. Analytic functions as conformal mappings 

32. Mobius transformations and basic properties 
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Conformal Maps 

Definition: A conformal map / : U —> V is a function which preserves angles. More specifically, 
/ is conformal at a point if the angle between any two C 1 curves through the point is preserved 
under the mapping. 

Theorem 81 (Analytic Maps are Conformal) A function f(z) analytic in an open 
neighbourhood of a with /'(a) 7 ^ 0 is conformal at z — a. Since, by continuity, f'(z) 7 ^ 0 in 
an open neighbourhood of a, it follows that f(z ) is conformal in a neighbourhood of a. 

Proof: If 7 : [0,1] —► C is a C 1 curve and /( 7 (f)) its image then the tangent slopes are 

arg( 7 '(t)), j'(t) 7 ^ 0 ; /( 7 (f))' — f ( 7 ( 0 ) 7 ' (t) ^ 0 if f\z ) 7 ^ 0 and 7 '(f) 7 ^ 0 

Let 71 : [0,1] —■> € and 72 ■ [ 0 , 1] —» C be C ^ curves through the point z — a with 

71 Ol) = 72(^2) = a 

The tangents to the curves at z — a are 7 ^(ti) and 7 ^ 2 ) and the angle between them is 

arg(72(i2))-arg(7i(t x )), 7i(*i) 7^ 0, 72 ^ 2 ) 7*= 0 

Assuming /'(a) 7 ^= 0 and applying the chain rule gives 

/(72(^2)) / _ / / ( 72 (^ 2 )) 72 (^ 2 ) _ /'(a)7^(0) _ 72 (* 2 ) 

/(7l(*l))' /'(7l(*l))7i(*l) /'(a)7 / i( t l) 7 / X ( t l) 

The result follows by taking the argument on the left and right since 

arg (—) = arg(z 2 ) - arg(zi) ■ 

K Z\ J 

• It follows that the group of conformal maps in two dimensions is infinite dimensional. By 
contrast, this group is finite dimensional in three or higher dimensions. 
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Riemann Mapping Theorem 


• A non-constant analytic function maps open 
connected sets to open connected sets. 

Theorem 82 (Riemann Mapping Theorem) 

Let D 7 ^ C be an open simply-connected domain. 
Then there is a one-to-one analytic function that maps 
D onto the interior of the unit circle. Moreover, one 
can prescribe an arbitrary point of D and a direction 
through that point which are mapped to the origin 
and the direction of the positive real axis, respectively 
Under such restrictions the mapping is unique. 

Proof: See textbook. 

• Since a one-to-one analytic map is invertible, it 
follows that any open simply-connected domain can be 
mapped onto any other open simply-connected domain 
provided neither is C. 






























Mobius Transformations 


Definition: A Mobius transformation (linear fractional or bilinear transformation) is any non¬ 
constant function on C of the form 


w = f(z) =- ad 7 ^ 6c, a, 6, c, d G C 

cz + (i 

/(--)= OO, /(oo) = - (c^O); /(oo) = oo (c = 0) 

v c J c 

• A Mobius transformation is conformal at every point except at its pole 2 = — d/c since 



ad — be 
(cz + d) 2 


• Mobius transformations form a group under compositions with the identity /(z) = 2 . 


Exercise: The matrix associated with the Mobius transformation w — /O) is 



det/I = 


a 

c 


b 

d 


7^0 


More precisely, w — f(z ) is associated with the set A A with A ^ 0. Show that the matrix 
associated with the composition /i(/ 2 (z)) of Mobius transformations is 


A1A2 — 



(a 2 6 2 \ 

dij ^c 2 d 2 J ’ 


det A\A 2 — det A 1 det A 2 7 ^ 0 


Also show that the inverse function / 1 satisfying /(/ 1 (z)) = f 1 (f(z)) = I{z) is given by 





dw — b 
—cw + a 
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Elementary Mobius Maps 


Mobius transformations include translations, rescalings, rotations and inversions. 

• If we superimpose the z- and w-planes, we can view a conformal or Mobius map as a map 
from the complex plane onto itself C —► C. 

• Let zq — xq-\- iyo g C and A, Oq g M with A > 0. Then the elementary Mobius maps are: 

1. Translation: w — z + z 0 

This is translation in the Argand plane by the vector (xq,2/o) € ^ 2 - 

2. Rescaling: w = Xz 

This is a contraction if 0 < A < 1 and a magnification if A > 1. 

3. Rotation: w = e l6 ^z 

This is a rotation of the complex plane about 2 = 0 by an angle Oq. The rotation is 
anticlockwise of > 0 ancl clockwise if < 0. 

4. Inversion: w = — 

z 

This is point-by-point inversion of the plane through the point at the origin z — 0 (z = ) 

z 

followed by reflection in the x-axis (complex conjugation). 

Exercise: A linear transformation w — az + (3 with a,/3 g C is a composition of a translation, 
rescaling and rotation. 
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Mobius Compositions 


Theorem 83 (Mobius Compositions) 

If f(z) is a Mobius transformation then: 

(i) f(z ) is the composition of a finite sequence of elementry maps in the form of translations, 
rescalings, rotations and inversions. 

(ii) f( z ) maps C one-to-one onto itself 

(Hi) f(z ) maps the class of circles and lines to itself Note that a circle is uniquely determined 
by 3 distinct noncollinear points. A line is uniquely determined by 2 distinct points to which 
we can add the point at oo on the Riemann sphere. A line is just a (great) circle which passes 
through oo. 


Proof: (i) We have 


where 

ZiO) = * + - 5 

c 


f{z) = = / 4 (/ 3 (/ 2 (/i (*)))) 

cz -jr d 



hO 


ad — be 





M(z) =z + - 

C 


(ii)-(iii) See textbook. ■ 
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Crossratio 


• The crossratio is defined by 

(z, z i; Z2, Z3) — - - = cross-ratio 

_ z - ^ 3 z 2 - zi _ 

• The crossratio is fundamental in perspective 
drawings and projective geometry. 

Exercise: Show that 

(z,zi; z 2, z 3) + (z,z 2 ; zi,z 3 ) = 1 
(z,z i; z 2 ,z 3 ) + (z 3 ,z 1 ; z 2 ,z) = 1 
(z,z 1 ; z 2 ,z 3 )(z,z 3 ; z 2 ,z 1 ) = 1 
(z,z 1 ; z 2 ,z 3 )(z 2 ,z 1 ; z,z 3 ) = 1 
(z,z 1 ; z 2 ,z 3 ) = (z 1 ,z; z 3 ,z 2 ) = (z 2 ,z 3 ; z,z\) = (z 3 



,Z 2 ]z ly z) 


Exercise: Show that the crossratio is invariant under the following simultaneous 
transformations of z,zi,z 2 ,z 3 : (i) translations, (ii) rescalings, (iii) rotations (about the 

origin) and (iv) inversions (through the origin) and hence invariant under arbitrary Mobius 
transformations. 
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Constructing Mobius Transformations 


Example: Find a Mobius transformation that maps the unit disk 
plane R ew > 0 such that /( 1 ) = oo and /(- 1 ) = 0 . 


z < 1 onto the right half- 


Solution: A Mobius transformation takes the form 



az + b 
cz + d 


Since /(1) = oo and /(—1) = 0, we see that d = — c to ensure the divergence at z = 1 and 
b — a to ensure the vanishing at 2 = —1. Hence 



a 1 z 
c 1 — z 



1 + z 

1- z 


To ensure f(±i) lie on the imaginary w- axis we find 


/(zbi) — dziA, A — — G R 

c 

From the properties of Mobius transformations, we conclude that the unit circle is mapped 
into the line R ew = 0. The image /(0) of the point z = 0 at the centre of the disk 


/(0) = —- = A>0 

c 

for this image to be in the right half-plane R ew > 0. Choosing the positive rescaling factor 
A = 1 gives the Mobius transformation 


w 



1 +z 

1- z 


• The answer is not unique since a rescaling by A 7 ^ 1 leaves the right half plane invariant. 
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Three-Point Uniqueness 


• The general Mobius transformation 


w 



az + b 
cz + d 


appears to involve four complex parameters a, 6, c,d. However, since ad ^ be , either a^O or 
c^O or both a and c are non-zero. We can therefore express the transformation with three 
unkown coefficients 


w 



+ - 
1 a 


a ' a 


or 




b 

c 


z + 


d 

c 


• It follows that there exists a unique Mobius transformation w = f(z ) that maps the three 
distinct points 2 : 1 , 22,23 onto the three points ^ 1 ,^ 2,^3 respectively. An implicit formula for 
the mapping w = f(z) is given by 

£ — z\ z<2 — Z3 w — w\ W2 ~ ^3 
2 — 2:3 Z2 — 21 w — W2> W2 ~ wi 


If the line or circles are oriented by the order of 21 , 22,23 and iyi,iy 2 , ^3 respectively, then the 
Mobius transformation maps the region to the left (left-region) of 21 , 22,23 onto the region 
to the left (left-region) of wi,w 2 ,w 3 . 

Exercise: Show, using cross-ratios, that the unique Mobius transformation w — f(z ) such 
that /(-l) = 0 , /( 0 ) = a, /( 1 ) = oc is 


1-2 
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Circles to Circles 


Example: Find a Mobius transformation that maps the circle through the distinct noncollinear 
points z\, Z2, z 3 to the circle through the distinct noncollinear points w\, W2, w 3. 

Solution: Suppose the Mobius transformation w — T(z ) is such that T(zi) — 0, T(z2) — 1 
and T(zs) = 00, that is, T(z) maps the circle onto the real axis Imw = 0. Following the 
previous example, we find 

T(z) = -—— —— — = (z,zi; Z2,z^) — cross-ratio 

z - zs Z 2 - zi 

Similarly, suppose the Mobius transformation 2 = S(w ) is such that S(wi) — 0, S(w2 ) = 1 
and S(w 3) = 00, that is, S(w ) maps the circle onto the real axis lrr\z — 0 . We find 

. « w — w-l WO — wo , . 

S(w) = -- = (w,w 1, W2,ws) = cross-ratio 

w — W3 W2 — w 1 

The required Mobius transformation is thus given by 

w = f(z) = S(w)=T(z ) O (w, Wi, W2,ws) = (z,zi; Z2,zo) 

because 

f(zi) = S-Ht( Z i )) = S~ 1 ( 0 ) = tv 1 
f(z 2) = S' _ 1 ( T 1 (2 : 2)) = 'S' _1 ( 1 ) = w 2 

f(z 3 ) = S' _ 1 (T(2 3 )) = S' _ 1 (oo) = w 3 

• The order of the points is important. Specifically, if the circles are oriented such that the 
points are traversed in the given order, then the left-region is mapped onto the left region 
where each left-region is an interior or exterior of the associated circle. 
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Conformal Mappings of Bounded Regions 

Theorem 84 (Parametric Boundaries) 

Suppose that a C 1 curve C, which may be closed or open, has parametric equations 

x = F(t ), y = G(t), t E [a, 6] 

Then, assuming f'(z) ^ 0, the conformal map 

z = /(w) = F(w) + iG(w ), F, G analytic 
maps the real axis of the w-plane onto the curve C in the z-plane. 

Proof: See textbook. For closed curves, this often gives map between bounded regions. 

Exercise: Find a conformal transformation that maps the ellipse 

2 2 

x y h . n 

“ 9 + To ^ a,b > 0 

onto the interval [0,27r] along the real axis of the i^-plane and the interior of the ellipse onto 
a suitable rectangle in the strip 0 < R ew < 2 tt within the upper-half w-plane. 

• Conformal transformations map simply-connected open sets to simply-connected open 
sets. To apply boundary conditions we need to include the boundary and extend these maps 
to the closed sets. 

Theorem 85 (Caratheodory) 

Suppose that U,V are a pair of simply-connected open sets whose boundaries dU,dV are 
simple continuous closed (Jordan) curves. Then any conformal map of U one-to-one onto 
V extends to a continuous map ofU U DU one-to-one onto V u dV. 

Proof: See textbook. 
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Conformal Mapping of Laplace’s Equation 


Theorem 86 (Conformal Mapping of Laplace’s Equation) 

(i) Suppose that an analytic function 

W — y ) + iv(x, y ) 

maps a domain D z in the z-plane onto a domain D w in the w-plane. Ifh(u,v) is a harmonic 
function of u,v on D w , that is it satisfyies Laplace's equation T 2 h(u,v) — 0, then 


H(x,y) = h(u(x,y),v(x,y)) = harmonic function of x,y in D z 

(ii) Suppose that C — dD z and r = /(C) = dD w are C 1 . Then Dirichlet or Neumann boundary 
conditions are preserved. Explicitly if along r 


h(u, v) = Jiq G M or 


then along C 


H(x,y) = ho E M or 


dh 

dn 


— normal derivative to V — 


0 


dH 

dN 


= normal derivative to C — 0 


Proof: (i) Let w = f(z) = u + iv and let k — k(u,v) be the harmonic conjugate of h — h(u,v). 
Then g(w) — h + ik is analytic. So 


H(x,y ) = h(u(x,y),v(x,y )) = R eg(w) — R eg(f(z)) — harmonic function of x,y 
because the composite function g(f(z )) is analytic. 

• It follows that a solution H(x,y) of Laplace’s equation V 2 H(x,y) — 0 in a complicated 
domain D z in the cry-plane can be obtained by using a conformal mapping f(z ) of the domain 
in the cry-plane onto a simpler domain D w in the uv- plane and solving Laplace's equation there. 
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Applications in Potential Theory 


Consider Laplace's equation for = 4>(x,y) in a domain D with specified boundary conditions 
on r = c)D 

< 9 2 </> < 9 2 </> 

—— H-— = 0 

dx 2 dip- 


• Heat Flow: 

In heat flow, Laplace’s equation governs the temperature distribution <j>(x,y) and the curves 
cj) = constant are isotherms. Typically, the temperature is fixed on parts of the boundary 

r = dD. The rest of the boundary is assumed to be insulating so that the normal derivative 

deb 

to r vanishes — = 0. 

dn 

• Electrostatics: 

In electrostatics, 4>(x,y ) is the electric potential with electric field E — V</> and V • E — 0. 
The curves cj) — constant are equipotentials. Typically, one specifies either the potential or 
the normal component of E on the boundary r = dD. 

• Fluid Flow: 

In fluid flow, 4>(x,y ) is the stream function and the curves </> = constant are streamlines. For 
flow around a nonporous body, the perimeter must be part of a streamline. 
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Cylindrical Capacitor 


Example: Find the electrostatic potential <j>(z) between two long cylindrical conductors such 


that <j> = 0 on 


2 — 


10 


= yq and 0 = 1 on \z\ = 1. 


Solution: Since Logit; = Log \w\ + i Arg(w), w ^ 0 is analytic in an annulus (with a cut), 
Log |ii;| is harmonic. So the radially symmetric solution we seek for two concentric cylinders 
of radii r,R with 0 < r < R is 

Log(\w\/r) 


'ip(w) = 


r < 


w 


< R 


Log (R/r) ’ 

We need to find a conformal mapping to relate the two geometries. The required Mobius 
transformation and its inverse are 


w — /O) = 


3 


z = r 1 w = 


3 w ^ 


z — 3' " " w + 1 

It is verified that the inner and outer circles in the z-plane are mapped onto concentric circles 
in the w-plane 


w 


/(—( l+e id ) 
J Vio v y 


9 r ’ 


w 


= 1 f(e ie )\ = - = R, 


0 e [0,2t r] 


The solution in the n;-plane is thus 


= 


Log 91 w 


Log 3 ’ 


1 

- < 

9 


w 


1 

< - 
3 


Transforming back, we find 




( z ~h 

Log(|9z — 3 / 

z - 3|) 

\z - 3) 

Log 3 
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Joukowsky Airfoil 

• In 1908, the mathematician Joukowsky considered the flow around an off-centre cylinder 



• Miraculously, this cylinder is mapped onto the Joukowsky airfoil under the conformal 
Joukowsky mapping 

w = J(z) = z -\— 

z 



• It is therefore possible to obtain the airflow around the Joukowsky airfoil by studying the 
airflow around a cylinder. This technique is of major importance in aerodynamics! 
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Week 12: Gamma and Zeta Functions 


34. The Gamma function 

35. General discussion of the Zeta function 

36. Revision 


Leonhard Euler 
(1707-1783) 



Georg Friedrich Bernhard Riemann 

(1826-1866) 



Photographs © MacTutor Mathematics Archive (http://www-history.mcs.st-andrews.ac.uk) 
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Gamma Function 


Definition: The gamma function is defined by 


r°° i 

r(p) = / x p 1 e x dx, Rep > 0 
Jo 

From this integral expression, r(p) has no branch points and is analytic for Rep > 0, 


Integrating by parts gives 


*oo 


r (p) — - I x 

o 


d 


P-'—ie-^dx = - 
dx 


X p -l e -x 10 ° 

0 


+ O — 1 ) [ x p 2 e X dx 

Jo 


= (p— l)r(p— 1), provided Rep > 1 


This recursion determines r(p) for p e N. Since r(l) = 1, iteration gives 

r(p) = O - i)0 - 2)(p - 3) ... (3)(2)r (1) = 0-1)! 
Similarly, if p is half an odd integer, iteration shows that TO) is a multiple of 


poo 1 7o poo 2 __ 

r(l/2) = / x / 2 e x dx — 2 e y dy — 

Jo Jo 


x = y‘ 


Iterating the reverse recursion relation is used to analytically continue TO) to Rep < 0 

ro + n + i) 


i~0) = i"0 + i)/p 


ro) = 


p 7^ 0, -1, -2, -3, 


pO + 1)0 + 2) • • • O + n ) 

It follows that TO) is analytic everywhere in C except for simple poles at p — 0,-1, - 2 , 
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Graph of the Gamma Function 


A graph of r (p) for real p: 
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Beta Function 


Definition: A related function is the beta function B(r,s) defined by 



Consider the product 

n 00 roo 

r(r)r(s) — / x r ~^e~ x dx / y s ~^e~ v dy 

Jo Jo 

as a double integral over the first quadrant in the x-y plane. Substituting x + y — u we find 


r(r)r(s) = 


*oo 


—u 




r 0 


r 0 


X 


r— 1/ \s— 1 


*oo 


r 0 


u r+s~1 -u 


(u — x) b ± dx ) du 
1 


du I t r 1 (1 — t) 
0 


s —1 


dt 


— r(r + s)B(r,s) 


In the second step we substituted x = ut , dx = udt. 

In particular, since r(l) = 1 

— p) — 1 — p) = [ u p ~ 1 ( < l — u)~ p du 

Jo 


0 
-1 


dx 


Or, after substituting u = x(l + x) 

r( p )r(i-p)= [°° xP - 1 (i + x )- 1 

J o 

This integral can be evaluated by considering the integral of 
z p ~ 1 (l + z) -1 (0 < Rep < 1) around the contour C. 
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Reflection Formula 


Using residues and limiting contours theorems I/III (Uniformity on an Arc) we find 


'c 


1 (1 z) 1 dz = 27TZ Res( —1) = 2nie L7T ( p = —27 vie 1 


,p- 


iup 


*oo 


,p-1 

r 0 


•0 


x^ ~(l + x) 1 dx + f x p 1 e 27r ^(l+x) 1 dx 

ioo 


1) [ x p 1 (l+x) 1 dx 

Jo 


After rearranging we find 


fOO 1 7T 

/ x^ (1 + x) 1 dx = —- 

Jo sin 7rp 


The final result is called the reflection formula 


r(p)r(i -p) = 


7T 


sin 7rp 


0 < Rep < 1 


• Although we derived the reflection formula for 0 < Rep < 1, it extends straightforwardly 
to all p ^ Z using the recursion relation for the r function. 

• Using the fact that 7r/sin(7T2;) has simple poles at z = ±n, n = 0,1,2... with residues 
(-l) n , the reflection formula shows that r(p) has simple poles at p = -n, n — 0,1,2,... with 
residues 

(-1) 71 _ (-l) n 

T(1 + n) n\ 
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Gamma Function Summary 



Rep > 0 


Special Values 

r(i) = i 


r(i/2) = V 5 F 

Recurrence Relation 

r(p) = (p- i)r(p- l) 

Reflection Formula 

r (p) r(l — p) — 7r/ sin (7rp) 

Singularities 

Simple poles at p = 0, —1, -2, • • • 

Residues 

Res(—n) = ( — l) n /n! n = 0, 1, 2 , • • • 
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Zeta Function 


The Riemann zeta function is defined by 



It is analytically (more precisely meromorphically) continued to Rep > 0 through the 
alternating Riemann zeta function C*(p)/Dirichlet eta function 77(p) 


C(P) = 


v(p) 


00 


1 _ 2 t-p’ 


p(p) = 

n= 1 


(- 1 ) 


n—1 




Rep >0, p ^ 1 


with C*(p) = C (p) for Rep > 1- The eta function p(p) is absolutely convergent for Rep > 1 
and conditionally convergent for 0 < Rep < 1 by a convergence test for Dirichlet series 


n 


a k 

k=1 


bounded for large n 


00 n 
U'Tl 

^ - 1 rip 

71=1 


< oo, 


e C, Rep > 0; 


• The Riemann zeta function is then analytically continued to Rep < 0 by a reflection formula 
in the form of the Riemann relation 



This formula is not obvious and requires an integral representation of the eta function 


v(p) = 


*°° X 


p— 1 


dx , 


Rep > 0 


r (p) Jo e x + 1 

• It follows that C(p) has no branch points and is an analytic function in the complex p-plane 
except for a simple pole at p = 1 with residue equal to unity. 
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Zeta Function Summary 


Riemann/Euler Formulas 


OO 1 

c (p) = yi n ~ p = n .. _ _ P ' Re p > 1 

n=l n prime n 


Special values 

C(-l) = -1/12 

C(0) = -1/2 

C (2) — 7T 2 /6 

C(4) = 7r 4 / 90 

Riemann Relation 

2r(p)C(p) cos(ptt/ 2 ) = (2?r)PC(l - p) 

Singularity 

Simple pole at p — 1, Res(l) = 1 

Zeros 

Trivial zeros at p — -2, —4, -6, —8 ,... 


Non-trivial zeros on the line Rep = ^ 










Zeta Function 


Trivial Zeros on Negative Real Axis 



on Real Axis 


Pole at 2 = 1 on Positive Real Axis 
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Zeta Function on Imaginary Axis 


Plot of \ak + iy)\ Showing Zeros on Imaginary Axis 



• Riemann Hypothesis. Perhaps the most famous unproved mathematical conjecture is 
the Riemann hypothesis which states that all of the (non-trivial) zeros of C(p) lie exactly on 
the critical line Rep = 1/2. 
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